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Abstract. We study the spectrum of an invariant, elliptic, classical pseudodiffcrcntial operator 
on a closed G-manifold M, where G is a compact, connected Lie group acting effectively and 
isometrically on AI. Using resolution of singularities, we determine the asymptotic distribution 
of eigenvalues along the isotypic components, and relate it with the reduction of the correspond- 
ing Hamiltonian flow, proving that the reduced spectral counting function satisfies Weyl's law, 
together with an estimate for the remainder. 
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1. Introduction 

The asymptotic distribution of eigenvalues of an elliptic operator has been object of mathemat- 
ical research for a long time. It was first studied by Weyl [42] for certain second order differential 
operators in Euclidean space using variational techniques, followed by work of Carleman [11) . Mi- 
nakshishundaram and Pleijel [35], Carding [20], and Avacumovic [4]. Later, Hbrmander [27] and 
Duistermaat-Cuillemin [16j extended these results to elliptic pseudodifferential operators on com- 
pact manifolds within the theory of Fourier integral operators. In this paper, we shall consider 
this problem in the case that additional symmetries are present. 

Let M be a compact, connected, n-dimensional Riemannian manifold without boundary, dM 
its volume density, and 

Po : C°°(A/) — > L^(M) 

an elliptic, classical pseudodifferential operator of order m on M, regarded as an operator in the 
Hilbert space L^(M) of square integrable functions on M with respect to dM, its domain being 
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the space C°°{M) of smooth functions on M. Assume that Pq is positive and symmetric, which 
imphes that Pq has a unique self-adjoint extension P. Due to the compactness of AI, the spectrum 
of P is discrete. Consider now in addition a compact, connected Lie group G, acting effectively and 
isometrically on M, and assume that P commutes with the regular representation of G in L^(Af). 
In this situation, each eigenspace of P becomes a unitary G-module, and it is a natural question 
to ask about the distribution of the spectrum of P along the isotypic components of L^(A/) in the 
decomposition 

L2(M)^0L2(Af)(x), 

and the way it is related to the reduction of the corresponding Hamiltonian flow. It is described 
by the reduced spectral counting function N^{X) = X]t<A niultj(.(t), where mult^(t) denotes the 
multiplicity of the unitary irreducible representation tt^ corresponding to the character x G G in 
the eigenspace Et of P belonging to the eigenvalue t. Let T*M be the cotangent bundle of M, 
p{x, ^) the principal symbol of Pq, and S*M — {{x, ^) e T*M : p{x, ^) = 1}. In his classical paper 
[27] . Hormander showed that the spectral counting function iV(A) — X]t<A'^™^'^t satisfies Weyl's 
law 

(1) NiX) = ^^^J|1^A"/™ + 0(A("-i)/"), A ^ +00, 

n[/Tr ) 

and it has been a long-standing open question whether a similar description for N^{X) can be 
achieved. While in the general case of effective group actions the leading term was obtained via 
heat kernel methods by Donnelly [141 and Briining-Heintze 10|, estimates for the remainder are 
not accessible via this approach. On the other hand, the derivation of remainder estimates within 
the framework of Fourier integral operators meets with serious difficulties when singular orbits are 
present, and until recently could only be obtained for finite group actions, or actions with orbits 
of the same dimension as in the work of Donnelly [14] , Briining-Heintze [1^ , Briining [9] , Helffer- 
Robert OlSl], Guillemin-Uribe [22], and El-Houakmi-HelflFer [19]. It was only in Ramacher [37] 
and Cassanas-Ramacher [12] that first partial results towards more general group actions were 
obtained within the setting of approximate spectral projections using resolution of singularities. 
The goal of this paper is to generalize this approach, and give an asymptotic description of N^{X) 
analogous to ([T]) for general effective group actions within the theory of Duistermaat, Guillemin, 
and Hormander. 

In order to explain the difficulties in a more detailed way, denote by Q = (P)i/"' the m-th root 
of P given by the spectral theorem, which is a classical pseudodifferential operator of order 1 with 
principal symbol q{x,£,) = p{x,Cj^/"^. If < Ai < A2 < . . . are the eigenvalues of P repeated 
according to their multiplicity, the eigenvalues of Q are pLj = (Aj)^/™. Let {dE'^} be the spectral 
resolution of Q. The starting point of the method of Fourier integral operators is the Fourier 
transform of the spectral measure 

U{t) = j e-'*^d£;^ = e"**'^, t e M, 

which constitutes a one-parameter group of unitary operators in L^(Af). Although U{t) itself is 
not trace-class, it has a distribution trace given by the tempered distribution 



-.00 CXD 

trC/(-) :5(M) Dpi — > j ^e-'^f"^ Q{t)dt ^^Q{^ij) < 00, 
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which is the Fourier transform of the spectral distribution 

oo 

ct(m) = fij). 

An asymptotic description of the spectrum of P is then attained by studying the singularities of 
the distribution kernel of U{t) and of tr[/(-) for small To be more precise, let ^1/2 denote the 
bundle of half-densities over M, and C/1/2 the operator which assigns to uq G C°°(M, f2i/2) the 
solution u S C°°(R x M, ili/2) of the Cauchy problem 

dt+Qi/2)u = 0, u{0,x) = uo{x), 

where Q1/2U = dM^/"^ Q{udAr^/^). Then U1/2 : C°°(M,f]i/2) ^ C°°(R x M,Vli/2) can be 
characterized globally as a Fourier integral operator with kernel U G /^^/^(M x AI,AI;C') and 
canonical relation 

C r), {x, 0, {y, v)) ■■ (x, 0, {y, v) e T*M \ 0, {t, t) e T*M \ 0, 

r + (7(x,0 =0, = $*(y,?7)}, 

where is the flow in T*M \ of the Hamiltonian vector field associated to q, and C — 
{{{t,T),{x,£_),{y,—f]j) : ((t, r), (x, (y, 77)) G C} [16]. This implies that a is a Fourier integral 
operator as well, and the study of its singularity at < = leads to the main result 

00 00 

a(^e^(-)'') ~ (2^)'"" E Cfe/^""'"', /i +00, 

j=l fe=0 

for suitable g G 5(K), where ^(t) = g{—t), with in principle known coefficients Ck- For /i — > — c», the 
above expression is rapidly decreasing. From this, ([Ij follows using a Tauberian theorem. To obtain 
a similar description of A^^(A), one needs an asymptotic expansion of the sum X^jli (/^j)^^/^ ~ 
IJ.j) for suitable g G S{M.), where m^(^j) — d^mult^(^j)/dimi?^^. , mult^(/ij) being the multiplicity 
of the irreducible representation tt^ in the eigenspace E^. of Q belonging to the eigenvalue 11 j . In 
this way, we are led to study the singularities of the distribution trace of P^oU{t), where P-^ denotes 
the projector onto the isotypic component L^(M)(x). This trace is the Fourier transform of 

00 

'^xM = E '"x (^j) ~ ^i)' 

and it turns out that, when regarding cr^ as a distribution density on R of order 1/2, ~ 
d^TT* x^*U, where 7r:RxGxAf ^Mis the projection {t,g,x) i-> t, and F : M x G x M 
K X M X M the mapping {t,g,x) 1— {t,x,gx). Both the pushforward tt* and the pullback F* can 
be characterized as Fourier integral operators, but in general, neither their composition tt^X-T* 
nor (7^ have smooth wavefront sets. Indeed, as pointed out in |14| . 

WF{<T^) —{{t,T) : there exist x,r],g such that {x,i]) G fi, 
{x, -9*v) = 77), r + q{x, -g*T]) = 0}, 

where ft — J^^(O) denotes the zero level of the canonical symplectic momentum map J : T*M — > 
g*. If the underlying group action is not free, J is no longer a submersion, so that Vt is not 
a smooth manifold. Therefore a-^^ fails to be a Fourier integral operator in general, so that, a 
priori, it is not clear how to describe its singularities by the method of Duistermaat, Guillemin, 
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and Horniandcr. Ultimately, the difficulties arise from the necessity to understand the asymptotic 
behavior of oscillatory integrals of the form 

Jt'Y Jg 

via the stationary phase theorem, where {n^Y) are local coordinates on Af, d{T*Y){x,£^) is the 
canonical volume density on T*Y , and dg the volume density on G with respect to some left 
invariant Riemannian metric on G, while a G C'^iY x T*Y x G) is an amplitude which might also 
depend on jj,, and $(a;,^,5) = {k{x) — K{gx),Cl- For this, it would be necessary that the critical 
set of the phase function 5) 

Crit(<i>) = {(x, ff) e (f^ n T*Y) X G : g • (x, = {x, 0} 

were a smooth manifold, which, nevertheless, is only true for free group actions. In the case of 
general effective actions the stationary phase theorem can therefore not immediately be applied to 
the study of integrals of the type compare W- 

In this paper, we shall show how to overcome this obstacle by partially resolving the singularities 
of C = £ X G : (7 • (x, f ) = (x,^)}, and applying the stationary phase principle in a 

suitable resolution space. This will be achieved by constructing a resolution of the set 

M = {{x,g) e M : gx ^ x} , M ^ M x G, 

which is equivalent to a monomialization of its ideal sheaf Ij^r C £m, where £m denotes the 
structure sheaf oi A4. To be more precise, put X — T*M x G, and let Ic C £x be the ideal sheaf 
of C. Consider further the local ideal /$ = ($) generated by the phase function $, together with 
its vanishing set V^. The derivative of /$ is given by £>(/$) = Ic\T'Yxg^ and Crit($) C V^. The 
main idea is to construct a resolution of Af, yielding a partial resolution Z : X X oi and a 
partial monomialization of /$ according to 

3 

in such a way that L)(Z^^(/$)) is a resolved ideal sheaf. Here denotes the inverse image 

ideal sheaf, the weak transform of /$, while the aj are local coordinate functions, and 

Ij are natural numbers. As a consequence, the phase function factorizes locally according to 
$02: = Oo-j' • and we show that the weak transforms have clean critical sets in the 

sense of Bott 'J}. An asymptotic description of the integrals can then be obtained by pulling 
them back to the resolution space X, and applying the stationary phase theorem to the weak 
transforms with the variables aj as parameters. The desingularization of A/" will rely on the 
stratification of M into orbit types, and consist of a series of monoidal transformations over Ai 
where the centers are successively chosen as isotropy bundles over unions of maximally singular 
orbits. 

The main result of the present paper is formulated in Theorem 1121 It states that the reduced 
spectral counting function satisfies Weyl's law 

NxW = („'^!^^)|2^)!L ^"1 [(^ ^ S*M)/G] + 0(A<"— ^)/-(log A)^) , A ^ +c^, 

provided that n — k > 1, where k is the dimension of a G-orbit of principal type, d^ the dimension 
of the irreducible representation tt^, [t^xih ■ '^^ multiplicity of the trivial representation in the 
restriction of to a principal isotropy group H, and A a natural number which is bounded by 
the number of orbit types of the G-action on M. The paper itself is structured as follows. Section 
[2] describes the theory of Duistermaat, Guillemin and Hormander of spectral asymptotics in the 
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equivariant setting, and explains how the problem of determining N-),{X) reduces to the study of 
integrals of the type I{fi) as /i — > +00. Section [3] contains some general remarks on compact 
group actions and the momentum map, followed by the computation of the critical set of the phase 
function Singular asymptotics are discussed in Section |4l after a brief account on the stationary 
phase principle and resolution of singularities. In Section[5l the desingularization process is carried 
out, giving way in Sections IH] and [7] to the phase analysis of the weak transforms Asymptotics 
for integrals of the type I{fJ.) are then obtained in Section |51 while the proof of the main result is 
given in Section |9l 

Singular equivariant asymptotics with reminder estimates were previously obtained by Briining- 
Heintze [10| and Duistermaat-Kolk-Varadarajan '18 for the spectrum of a discrete, uniform sub- 
group r of a connected, semisimple Lie group G with maximal compact subgroup K. In the first 
case, a reminder estimate for the Gelfand-Gangolli-Wallach formula is given, which describes the 
distribution of eigenvalues of the Casimir operator along the isotypic components of (F \ G) . For 
torsion- free F, this corresponds to the distribution of eigenvalues of the Bochner-Laplace operator 
on the spaces L'^{T \ G/ K, E^), where denotes the vector bundle onT \G/ K induced by an 
arbitrary x e In the second case, and under the assumption that F has no torsion, asymptotics 
for the spectral counting function of the Laplace-Beltrami operator A on L^(F\G/ K) ~ L^(F\G)'^ 
are derived. This amounts to an asymptotic description of N^{X) for A on L^(r \ G) in case that 
X corresponds to the trivial representation, and Theorem [12] generalizes this result to arbitrary 
X ^ K, and subgroups F with torsion, as well as arbitrary invariant, elliptic, classical pseudodif- 
ferential operators. This is explained in Section [TUl 

Acknowledgments. The author wishes to express his gratitude to Mikhail Shubin for intro- 
ducing him to this subject, and to his former collaborator Roch Cassanas. He also would like to 
thank Richard Melrose, Werner Miiller and Michele Vergne for valuable conversations. This re- 
search was completed while the author was a member of the Mathematical Institute of Gottingen 
University, and financed by the grant RA 1370/2-1 of the German Research Foundation (DFG). 

2. Fourier integral operators and equivariant asymptotics 

Generalities. Let M be a compact, connected, n-dimensional Riemannian manifold, and G a 
compact, connected Lie group of dimension d, acting effectively and isometrically on M. Denote 
the canonical volume density on M by dM |40j, page 112, and choose a left invariant Riemannian 
metric on G with volume density dg. Let Pq be an elliptic, classical pseudodifferential operator 
of order m on M, regarded as an operator in L^(M) with domain C°°(Af), and assume that Pq 
is positive and symmetric. Then Pq has a unique self-adjoint extension P with the m-th Sobolev 
space H™{M) as domain. Moreover, the spectrum of P is discrete. Assume now that P commutes 
with the regular representation of G in L^(M) given by 

T{g)(p{x) = (p{g''^x), g eG. 

Then every eigenspace of P becomes a unitary G-module, and it is natural to ask about the 
distribution of the spectrum of P along the isotypic components of L^(M), which is described by 
the reduced spectral counting function N^{X) introduced in the previous section. We shall study 
this problem within the theory of Fourier integral operators developed by Hormander, Duistermaat 
and Guillemin [27l[T6], and consider for this the m-th root Q = (P)i/™ of P given by the spectral 
theorem. By Seeley, Q is a classical pseudodifferential operator of order 1 with principal symbol 
q{x,0 =p(a;,^)i/™ and domain H\M). If < Ai < A2 < . . . are the eigenvalues of P repeated 
according to their multiplicity, the eigenvalues of Q are fij = (Xj)^^"^. Denote by {dE^} the 
spectral resolution of Q. The starting point of the method developed by Hormander, and which 
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goes back to work of Avacumovic and Lewitan, is the Fourier transform of the spectral measure 

U{t) = J e-'^f'dEf^ = e-'*^, t £ K, 

which constitutes a one-parameter group of unitary operators in L^(M). Now, if {ej} denotes an 
orthonormal basis of eigenfunctions in L^(M) of Q corresponding to the eigenvalues {fij}, then 

oo 

(2) t/(t)« = ^e-^*''^(u,e,)L2e„ 

i=i 

where u G C°°(M), and u e H^{M), s e Z, the sum converging in the C°°-, and i/'^-topology, 
respectively, see 38;, page 151. Thus, the distribution kernel of the operator U{t) : C°°{M) 
C°°(M) C V'{M) can be written as 

C/(i,a;,2/) =^e-**''^e,(x)i;M e V {M x M). 
Although U{t) itself is not trace-class, it has a distribution trace given by the tempered distribution 

/oo oo 
^ e-''^'^ g{t)dt = ^ g{nj) < oo. 
i=i i=i 

Indeed, for Nq € N, P~^o is a classical pseudodifferential operator of order —Nom. If A^o™ > 
its kernel is continuous, and P~'^° is Hilbert-Schmidt, so that J^JLi A"^^" < oo. Moreover, for 
g e S{R) the infinite sum ^jiv) converges in C°°(M x M), see [21], page 133. 

Because the Fourier transform is an isomorphism in 5(K), we conclude that tr U{t) = J^JLi e"*''^^ 
is the Fourier transform of the spectral distribution 

oo 

ct(m) = 

proving at the same time that a is tempered. An asymptotic description of the spectrum of 
P is then attained by studying the singularities of U{t,x,y) and trC/(-) for small \t\. For this, 
Hormander locally approximated the operator U{t) by Fourier integral operators, which solve 
the Cauchy problem approximately. More precisely, let U1/2 be the operator which assigns to 
uo G C°°(M, ^1/2) the solution u € C°°{R x M, ^1/2) of the hyperbolic Cauchy problem 

dt+Qi/2)u = 0, u{0,x) ^ uq{x), 

where ^1/2 denotes the bundle of half-densities over AI, and Q1/2U = dM^/^Q{u dM^^^"^). It 
can then be shown [16 , Theorem 1.1, that U1/2 : C°°(Af, r^i/a) -> C°°(M x M, 0,1/2) can be 
characterized globally as a Fourier integral operator with kernel U e /^^/'^(R x M,M,C') and 
canonical relation 

C r), (a;, 0, (y, r,)) : {x, C), (y, r,) € T*M \ 0, (t, r) G T*R \ 0, 

T-K(j(x,e)=0, (a:,0 = <i'*(y,??)}, 

where $* is the flow in T*M \ of the Hamiltonian vector field associated to q. This implies that 
the Fourier transform C/i/2(t) : C°°(M, r2i/2) — ^ C°°(M, ^1/2) of the spectral measure of Q1/2 is a 
Fourier integral operator of order defined by the canonical transformation $* , and that a can be 
characterized as a Fourier integral operator too, see [TB], pp. 66. Moreover, 

sing supp t/1/2 = {{t,x,y) M X M : (x, = ?y) for suitable ^ G T^M \ 0, 77 G T*M \ O} , 
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and similarly, WF{(t) C {{t,T) : r < and (x,^) — for some (a;,^)}, so that a is smooth 

on the complement of the set of periodic orbits. The study of the singularity oi & = trU at t = 
then leads to the main result of Hormander 

oo oo 

for suitable g € 5(M), g(t) = g{—t), and with in principle known coefficients c^, while for — )• — oo 
the expression is rapidly decreasing. From this, Weyl's classical law ([1]) follows by a Tauberian 
theorem. 

Let us now come back to our initial question. To obtain a description of N-)^(X), and to under- 
stand the way it is related to the reduction of the corresponding Hamiltonian flow [22] , we would like 
to find an asymptotic expansion of X^^i ^1^^^ 8il^ ~ l^j) ^ot suitable g £ S{M.), where m^{ij,j) = 
c?xmult^(^j)/dimi?^^. . This amounts to study the singularities of X^^i (^i) ^ 5'(R). 

It corresponds to the distribution trace of o U{t), being the projector onto the X" isotypic 
component L^(M)(x), and is the Fourier transform of 

oo 

i=i 

In what follows, denote byTriKxGxM — >M the projection (t, g, x) i-7> t, and byFiRxCxM— )• 
M.X M X M the mapping {t, g, x) {t, x, gx). The global theory of Fourier integral operators |14j. 
Lemma 7.1, implies that the transposed of the pullback, or pushforward tt* : 2?'(M x G x M) -> 
X''(K), can be characterized as a Fourier integral operator of class I~"/'*~'^/^(R, M x G x A/, Gi) 
with canonical relation 

Gi = {(i,r);(t,T),(5,0),(a;,0))}. 
It amounts to integration over M x G. Similarly, the pullback F* : C°°(R x Af x M) ^ C°°(R x 
Gx M) constitutes a Fourier integral operator of class P/''-'^/'^(R x G x Af, M x Af x M, G2) with 
canonical relation 

G2 = { {t, r), (g, (x, 6 + 5*6); r), (x, 6), (gx, 6)) } , 

where the map x : G — > Af is given by 5 1— >■ gx, and the map 17 : A/ — > A/ by x gx. A 
computation then shows that if we regard a^^ as a distribution density on M of order 1/2, and tt^ 
and r* as maps between half densitites, 

00 

compare [16^, page 66, and [M], Section 7. Now, although tt,, xT*, and J7i/2 are Fourier integral 
operators, their composition is not necessarily a Fourier integral operator. Indeed, the composition 
of the canonical relations of tt, and F* reads 

Ci o G2 = { {{t, r); {t, r), (x, 6), idx, 6)) : x*^2 =0,6+ 5*6 = O} . 

But x*^2 = means that ^ G Annrj:(G • x). As will be explained in the next section, this is 
equivalent to (x,^) e n = J^^O), where J : T*M — > g* is the canonical symplectic momentum 
map, and we obtain 

Gi o G2 o G ={{t, t) : there exist x, ij, g such that (x, 77) G fi, 

(x, -(7*7?) = $*(5x, 77), T + g(x, -5*77) = 0}. 

The singularities of a-^ are therefore determined by the restriction of to ft. Since for general 
effective group actions, the zero level is not smooth, neither Gi o G2 nor Gi o G2 o G are smooth 
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submanifolds in this case. Consequently, neither tt, x T* nor are Fourier integral operators in 
general. This faces us with serious difficulties when trying to study the singularities of within 
the theory of Hormander, Duistermaat, and Guillemin. 

A trace formula. In what follows, we would like to understand the main singularity of at 
t = in greater detail. To this end, we shall first express 

oo 



as the L^-trace of a certain operator. Observe that X^jli QiPj)^j{^)^j{y) ^ C°°{M x M) is the 
Schwartz kernel of the bounded operator 

f +00 

g{t)U{t)dt : 1?{M) — > 1?{M), 

which is defined as a Bochner integral. It is of L^-trace class, since its kernel is square integrable 
over M X M. Therefore 

/ + OO I' + OO 

g{t)U{t)dt^ / g{t)P^oU{t)dt 
'OO J —OG 

must be of trace class, too, where 



Px^'^x / x{9)T{g) dg 
JG 

denotes the projector onto the isotpyic component L^(Af)(x), and the dimension of the irre- 
ducible representation corresponding to the character x € G. We assert that kernel of the operator 
([4]) is given by Qif^j)P'x^ji^)^jiy) ^ C°°{M x M). Indeed, by choosing the eigenfunctions 

{cj} according to the decomposition of the eigenspaces of Q into isotypic components, we can 
assume that P^^j = if ej ^ L^(M)(x), and Px^j — ej otherwise. By Sobolev's inequality we 
have 



showing that J^j ^(Mj)-Px^i(^)'^i(y) converges in C°°(M x M), and with ([2]) one computes 

f-foo r+oc 



/-hoo /"i-oo ' — ' 

g{t)PxoU{t)dtu{x) = I £»(t)^e~'*^^(M,ej)L2Pxej(a;)dt 
-00 J —00 j—1 

= <y)Y, g{t)e-'"^^Pxej{x)7MdtdM{y), ueL^M), 

Jm „_i J-oo 



everything being absolutely convergent. As a consequence, 

/+00 00 00 

g{t)Px o U{t)dt = Q{fij){Pxej,ej)L2 = ^ ^(^j)m^(^j) = a^ig), 
j=i j=i 

and we obtain the following L'^-trace formula, which was already derived in 
Lemma 1. Let g e S{R). Then 

g{t)e'"'Px o e-'^'^dt = tr / / g{t)e'"'x{9)T{g) o e^^^ dg dt. 

-00 'J —00 <j G 
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□ 

Let us now recall that U1/2 '■ C°°{M,fti/2) — > C°°(M x M, r2i/2) can be characterized globally 
as a Fourier integral operator of class x AI,AI,C') with canonical relation given by 

This means that for each coordinate patch {k,Y), and sufficiently small t e (—6,5), the kernel of 
Ui/2{t) can be described locally as an oscillatory integral of the form 

U{t, x,y)^ J e*('^(*^^''')-<^^''»a(t, i, J])dr] 

on any compactum inYxY, where x,y E Y = k{Y) C M", and a S 8^,^^ is a classical symbol 
with a(0, X, rj) = 1, while ip{t, x, rf) — (y, rf) is the defining phase function of C in the sense that 

C' = {(t,a^/5i),(i,5V/9i),(aV'/9ry,-r;)}, 

see [5^, page 254. Here we employed the notation drj = (27r)~" dr], di] being Lebesgue measure in 
K". Since T+q{x, ^) = on C, and {x,d^/j/ dx) = {d^p/ drj, 77) for i = 0, we deduce dx^rji^^O, i, rj) = 
dx,ri {x, so that -0 is the solution of the Hamilton- Jacobi problem 

dtp ( dtp\ 

~dt ^ '^y^'diJ ^ ^(O.a;,??) = (a;,77) , 

tp being homogeneous of degree 1. To construct an approximation of U{t) : L^(M) — > L^(M), let 
{{kj, Yj)} be an atlas for M, {f-y} a corresponding partion of unity, and 

Hv)^ I e-'<y^'^K{y)dy, v&G^{Y,), 

the Fourier transform of v. Write dM = dy, and denote by U~^{t) the operator 

aj and ip^ being as described above, and set U^{t)u = [IJ^{t){uo k::^^)] o k^, u G C^{Y^), so that 
we obtain the diagram 

c^(y^) c°°(Ky) 
c,°°(y^) c°°(f^) 

Consider further test functions € C'^{Y^) satisfying = 1 on supp/^, and define 

7 

where -F-y, -F-y denote the multiplication operators corresponding to /-y and /-y, respectively. Then 
the result of Hormander implies that 

(6) R{t) = U{t) — U (t) is an operator with smooth kernel. 
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compare [21], page 134. Next, one computes for u E C°°(M) 

Fr^U^{t)F^u{x) — f-y{x)[Ury{t){f^UO KT^^)] O 



where the last two expressions are osciUatory integrals with suitable regularizations. With (|6]) and 
the previous lemma we therefore obtain for ^^(gie*'-'^^) the expression 

(27r)" ^ J_oo JgJt'Y., 

Ux)d{T*Y^){x,T^)dgdt + 0{\ti\~^), 

where d{T*Y^){x,r}) denotes the canonical volume density on T*Y^, and g E C^{—6,6). After the 
substitution x' ~ g^^x we get the following 

Corollary 1. For g e C'^{—S,S) one has the equality 

^xi9e''--^n = T^rb J2 r [ I e4'/'^(*-'^^(-).'')-<'^^(9-)-'')H g{t)^f,{x) 
l^""; ^ J-s JgJt'y^ 

a^(t, Kj{x), v)fj{9x)J^y{g, x)d{T*Y^){x, 77) dg dt + 0(|/i|~°°), 

where Jy{g,x) is a Jacobian. 

□ 

The singularity of at t=0. So far we have expressed as an oscillatory integral. In order 
to study it by means of the stationary phase theorem, let us remark that since t/;^ is homogeneous 
in T] of degree 1, Taylor expansion for small t gives 

i^^it, X, rj) = ^^{0, i, 77) + i^(0, i, r,) + Oit'M = {i, 77) - tq^{£, 77) + 0{t^M, 

where we wrote q.y{x,vi) = q(K'^^{x),Tfj. In other words, there exists a smooth function which 
is homogeneous in 77 of degree 1 satisfying 

il;^{t,x,r]) = {x,r]) -tC^{t,x,Jj), 

(7) 

CT,(0,i,77) = q^{x,r]), -2 dt (^{0, S:,i]) = {d^ q^{x,-q),ds: q^(,x,r^)) . 
Let us now define 

/+CX3 
e**^ei(t)a^(i,i,7;)e*°(*')l''ldt. 
-00 

Clearly, F{T,x,r]) is rapidly decaying as a function in r. More precisely, since G ^phg^ 
(8) |-7^(r,i,77)| < Cjvll + T^)-^, ViV e N, 5 G 7/ e K", 

for some constant Cn > which depends only on A^. Next note that q^{x,uj) > const > for all 
X and u! E 5"^^ = {7; E M" : ||77|| = 1}. There must therefore exist a constant C > such that 

C|77|>g^(i,77)>l|77| V5ei:„77eM", 
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which imphes that for fixed /i, — <l^{x, rj), x, 77) is rapidly decaying in 77. This yields a regular- 
ization of the oscillatory integral in the previous corollary, and we obtain 



7 

Mgx)Mg, x)d{T*Y^){x, 77) dg + Od/ip""). 



But even more is true. If we replace fi by — t^, then (/i — q^{x, 77))^ > 2vq^{x, rf) > 2v\r]\/C. From 
(HI) we therefore infer that a^{ge^'-'^f^) is rapidly decreasing as /i — > —00, reflecting the positivity of 
the spectrum. Assume now that |1 — qj{x,ri/ fi)\ > const > 0. Then 

\J^{H - qj{x,r]),x,ri)\ < Cn+m 



^^r\^-q^ix,rJ/^i)\^\^^-q^ii,r,)\M 

< Cn+m-, 



\^,\^\^l-q,[xM'' 

for arbitrary M E N. Let therefore < a £ C'^{l/2, 3/2) be such that a = 1 in a neighborhood 
of 1, so that 

1 — 77//i)) 7^ =^ |1 — (7-y(5;, 77//i)| > const > 0. 

Substituting rj ~ iirj' , we can rewrite axiQe^^'"^^) as 

a^{t, K^{x),fif])f^{gx)J^{g, x)a{q{x, f]))d{T*Y^){x, 7/) dg dt + 0(|^|"°°), 

where all integrals are absolutely convergent. Now, since C.-y{0,x^uj) — qry{x,Lo), there exists a 
constant C > such that for sufficiently small t e (—6,6) 

C>C-y{t,x,uj)>^ yxeY^,ujeK, 

K being a compactum. By introducing the coordinates ry = Rlo, i? > 0, (^^{t, Kj{x),uj) = 1, one 
finally arrives at the following 

Proposition 1. Let S > be sufficiently small, and g G C^(— (5, (5). Then, as /i — !■ +00, 
^xW^-^n = ^,Y. L ly^-^''"'^ i i_ e^'"'^--'^^^---'^'^^--^git)-^f,{x) 



{t, Kj{x), fj,Ruj)f^{gx)Jj{g, x)a{Rq{x, uj))d{S*Y^){x, ui) dgR"~^ dRdt, 



7 



up to terms of order 0{^i °°), where S^Y^ — {{x,ijj) G : C,-y{t, K-y{x), lu) = 1}. Here d{SfYj){x, w) 

denotes the quotient of the volume density on T*Y^ by Lebesgue measure in R with respect to 
(^j{t,x,u;). On the other hand, <T^{geA'^f^) is rapidly decaying as ^ ^ —00. 

□ 

Assume now that ^ > 1. To study the limit of (7^(pe*^ -'^) as /i — +00, we shall apply the 
stationary phase principle to the integral first, and then to the integral over G x S^Y^. For the 
later phase analysis, it will be convenient to replace the integration over G x S^Y-^ by an integration 
over G x T*Y^. Let us us therefore note that since a G C^(l/2, 3/2), 

1/2 < Rq{x,uj) < 3/2 Vx G G (S^Y-y)^. 
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For sufficiently small S we can therefore assume that the i?-integration is over a compact intervall 
in R+. Let now cr e C^(R) be a non-negative function with J a{s)ds — 1, and define Ae^r(s) — 
e"V((s - r)/e), r e R. Then 

Ag^r — > as e — >■ 

with respect to the weak topology in f (R). Using this approximation of the (5-distribution and 
the theorem of Lebesgue on bounded convergence we obtain for <T^(pe**^'^'') the expression 



X 



(27r) 



„n-l 



a-y(t, K-y{x), ^,suj)f^{gx)J-y{g, x)a(q(x, saj))Ae^fl(s)s" ds d{SlY^){x, uj) dg dR dt 

a^{t, K^{x),fiT])f^{gx)Jj{g, x)a{q{x, T]))AeMXC'f{t, Ky{x),r]))d{T*Y^){x, t]) dg dRdt, 

since J Ae^ris) ds = 1, and all integrals are over compact sets. Let us now apply the stationary 
phase theorem to the i?t-integral for each fixed e. We then arrive at the following 

Theorem 1. Let g e C'^{—S,d), and /i > 1. For sufficiently small 5 one has the asymptotic 
expansion 
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A,,i(Q(x,77))d(T*K,)(x,,7) dg + 0(Ai"~'), 



where 



|/3!<5 



IG JT'Y. 

aj{t, K^{x), ^ivi)f~f{gx)J^{g, x)a{q{x, T]))A^^BiCi{t, K^ix), v)) d{T*Yy)(x, ry) dg 
For /i — > — oo, the expression (T^(£ie*'-'^'') is rapidly decaying. 

Proof. Since (t, R) = (0, 1) is the only critical point of t — Rt, the assertion follows from the classical 
stationary phase theorem [21_, Proposition 2.3. □ 

We have thus partially unfolded the singularity of ct^ at t — 0. Theorem [1] shows that its 
structure is more involved than in the non-equivariant setting, or in the case of finite group actions, 
compare |16| . pp. 46, and [9], pp 92. To obtain a complete description, we are therefore left with 
the task of examining the asymptotic behavior of integrals of the form 

(9) / e*^*(-'«'9)a(5x,x,C,5)d5d(r*r)(x,0, ^ +oo, 
Jt'Y Jg 

via the generalized stationary phase theorem, where (k, Y) are local coordinates on M, and dg is 
the volume density of a left invariant metric on G, while a G C'^{Y x T*Y x G) is an amplitude 
which might also depend on /x, and 

(10) <i>{x,^,g)^{K{x)~K{gx),0- 
This will occupy us for the rest of this paper. 
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3. Compact group actions and the momentum map 

Compact group actions. We commence this section by briefly recalling some basic facts about 
compact group actions that will be needed later. For a detailed exposition, we refer the reader to 
[8]. Let G be a compact Lie group acting locally smoothly on some n-dimensional C°°-manifold 
M, and assume that the orbit space M/G is connected. Denote the stabilizer, or isotropy group, 
of a point x e M by 

Gx = {g & G : g ■ X = x}. 

The orbit of a; S M under the action of G will be denoted by G • x or, alternatively, by Ox, and is 
homeomorphic to G/Gx- The equivalence class of an orbit Ox under equi variant homeomorphisms 
is called its orbit type, and the conjugacy class (Gx) of Gx in G its isotropy type. Now, if Ki and 
K2 are closed subgroups of G, a partial ordering of orbit and isotropy types is given by 

type (G/Ki) < type {G/K2) {K2) < (Ki) <^=> K2 is conjugated to a subgroup of Ki. 

One of the main results in the theory of compact group actions is the following 

Theorem 2 (Principal orbit theorem). There exists a maximum orbit type G/H for G on M . 
The union M{H) of orbits of type G/H is open and dense, and its image in M/G is connected. 

Proof. See [8], Theorem IV.3.1. □ 

Orbits of type G/H are called of principal type, and the corresponding isotropy groups are 
called principal. A principal isotropy group has the property that it is conjugated to a subgroup 
of each stabilizer of M . Let if C G be a closed subgroup containing H . An orbit of type G/K is 
called singular, if divuK/H > 0, and exceptional, if K/H is finite and non-trivial, in which case 
diniG/X = diniG/iJ, but type (G/if) 7^ type (G/iJ). The following result says that there is a 
stratification of G-spaces into orbit types. 

Theorem 3. Let G and M be as above, K a subgroup of G, and denote the set of points on orbits 
of type G/K by M[K). Then M{K) is a topological manifold, which is locally closed. Furthermore, 
M{K) consists of orbits of type less than or equal to type G/K. The orbit map M{K) — )■ M{K)/G 
is a fiber bundle projection with fiber G/K and structure group N{K)/K . 

Proof See |8], Theorem IV.3.3. □ 

Let now Mr denote the union of non-principal orbits of dimension at most t. 

Proposition 2. // k is the dimension of a principal orbit, then dim M/G = n — k, and Mr is a 
closed set of dimension at most 71 — k + r — 1. 

Proof See [gj. Theorem IV.3.8. □ 

Here the dimension of Mr is understood in the sense of general dimension theory. In what 
follows, we shall write Sing M = M - M{H) = M„. Clearly, 

Sing M = Mo U (Mi - Mq) U (M2 - Mi) U • • • U (M« - M«_i), 

where Mi — Mi^i is precisely the union of non-principal orbits of dimension z, and M_i = 0, by 
definition. Note that 

M, - Af,_i = IJ M{H]), H] C G, dim G/H] = i, 
j 

is a disjoint union of topological manifolds of possibly different dimensions. Now, a crucial feature 
of smooth compact group actions is the existence of invariant tubular neighborhoods. 
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Theorem 4 (Invariant tubular neighborhood theorem). Assume that G acts smoothly on M , and 
let A be a closed G-invariant submanifold of M . Then A has an invariant tubular neighborhood, 
that is, there exists a smooth G-vector bundle ^ : E ^ A on A together with an equivariant 
diffeomorphism ^ : E ^ M onto an open neighborhood W of A such that the restriction of tp to 
the the zero section of S, is the inclusion of A in M. 

Proo/. See [8], Theorem VI.2. 2. □ 

Furthermore, by taking a G-invariant metric on M, W can be identified via the exponential 
map with a neighborhood of the zero section in the normal bundle i'{A) of A. From now on, let M 
be a closed, connected Riemannian manifold, and G a connected compact Lie group acting on M 
by isometries. Relying on the stratification of M into orbit types, one can construct a G-invariant 
covering of M as follows, compare [30], Theorem 4.20. Let (Hi), . . . , (Hl) denote the isotropy 
types of M, and arrange them in such a way that 

By Theorem [3l M has a stratification into orbit types according to M = M{Hi) U • • • U M(Hl), 
and the principal orbit theorem implies that the set M{Hl) is open and dense in M, while M{Hi) 
is a closed, G-invariant submanifold. Denote by fi the normal G-vector bundle of M{Hi), and by 
/i : j^i — )■ M a G-invariant tubular neighbourhood of M{Hi) in M. Take a G-invariant metric on 
vi, and put 

Dt{vi) = {v&vi:\\v\\<t}, t>0. 
We then define the compact, G-invariant submanifold with boundary 

M ~ fi{Di/2 M), 

on which the isotropy type {Hi) no longer occurs, and endow it with a G-invariant Riemannian 
metric with product form in a G-invariant collar neighborhood of d M2 in A/2. Consider now 
the union M2{H2) of orbits in M2 of type G/H2, a compact G-invariant submanifold of M2 with 
boundary, and let /2 : 1^2 — > M2 be a G-invariant tubular neighbourhood of M2{H2) in M2, which 
exists due to the particular form of the metric on M2. Taking a G-invariant metric on 1^2, we define 

M3 - M2 - f2{bl/2 (1^2)), 

which constitutes a compact G-invariant submanifold with corners and isotropy types (-ffs), . . . {Hl)- 
Continuing this way, one finally obtains the decomposition 

M = fl{Di/2{vi)) U • • • U fL{Di,2{l^L)). 

where we identified /l(-Di/2('^l)) with A/^, which leads to the covering 

(11) = /i(l)i (^^i))U---U/l(I)i (z^l)), fL{bi{iyL))=ML ■ 
We introduce now the set 

(12) M = {{x, g) e M : gx = x} , M = M x G, 

which will play an important role later. If all isotropy groups of the G-action on M have the 
same dimension, that is, if there are no singular orbits. A/" is a smooth manifold. Otherwise, Af is 
singular, as can be seen from TheoremlH Clearly, Af = IJ^. Iso M{Hk), where Iso M{Hk) — > M{Hk) 
denotes the isotropy bundle on M{Hk), and by Proposition [2] we have 

dimlso Af(i/fc) = dimAf(iJfc) + dimiJ^ <n-K + T-l + dimG - r = dimlso Af (/Tl) - 1, 

where 1 < fc < L — 1 , and r — dim G / ■ The regular part Reg Af is given by the union over all 
total spaces Iso M{Hk) with non-singular isotropy type (iffe), and is in general not dense in N. 
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The momentum map. Wc shall now discuss the canonical symplectic momentuni map of a 
closed, connected Riemannian manifold M on which a connected, compact Lie group G acts by 
isometrics, and the way it is related to our problem. Consider the cotangent bundle tt : T*M — M , 
as well as the tangent bundle r : T{T*M) — ^ T*M, and define on T*M the Liouville form 

e(X) = T(X)[7r,(X)], XeT{T*M). 

We regard T* M as a symplectic manifold with symplectic form 

and define for any element X in the Lie algebra g of G the function 

where X denotes the fundamental vector field on T*M, respectively M, generated by X. Note that 
Q{X){r]) — ?7(X7r(,,)). Indeed, put 7(5) — e~''^ ■ i], s & {—£,£) for some £ > 0, so that 7(0) — 77, 
7(0) = Xfj. Since 7r(e~'''^ • rj) = e"'*'^ • 7r(r/), one computes 

7r,(X^) ^ ^TT o 7(s)|s=o ^ e"'*^ • 7r(?7)|^^o = X^(^). 

Therefore 

e{X){v) - T{X^)[MXr,)] - riiX^i,)), 
as asserted. The function Jx is linear in X, and due to the invariance of the Liouville form 

£j^e = dJx + ixuj = 0, VX e g, 

where C denotes the Lie derivative. This means that G acts on T*M in a Hamiltonian way. The 
corresponding symplectic momentum map is then given by 

S:T*M^Q*, IiT])iX) ^ Jxiv)- 
As explained in the previous section, we are interested in the asymptotic behavior of integrals of 
the form ^ , and would like to study them by means of the generalized stationary phase theorem, 
for which we have to compute the critical set of the phase function g). Let {k,Y) be local 

coordinates on M as in ([S]), and write k{x) = (ii, . . . , 5;„), i] = Y^ Ci{dxi)x G T*Y. One computes 
then for any X E g 

= 77(X,) = e(X)(,7)=J(77)(X). 

Therefore <& represents the global analogue of the momentum map; furthermore, their critical sets 
are essentially the same. Indeed, one has 

(13) d, g) = [l~^{Kogo K-'),^,]^ = (1 - g;) ■ 

so that dx ^{x, ^,g) =0 amounts precisely to the condition g*^ ~ Since ^{x, ^,g) =0 if, and 
only if 5a; = X, one obtains 

Crit(<i>) = { {x, g)eT*YxG: (<f ^ 0} ^ {{x,^, g) E {n n T*Y) x G : g ■ ix,^ = ix,^} , 

where fl = J~^(0) is the zero level of the momentum map. Note that 

(14) r]£nn T*M ^ rie kxm{Tx{G ■ x)), 

where Ann (T4) C T*M denotes the annihilator of a vector subspace Vx C TxM. Now, the major 
difficulty in applying the generalized stationary phase theorem in our setting stems from the fact 
that, due to the orbit structure of the underlying group action, the zero level fl of the momentum 
map, and, consequently, the considered critical set Crit(<&), are in general singular varieties. In fact. 
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if the G-action on T*M is not free, the considered momentuni map is no longer a submersion, so 
that and the symplectic quotient fl/G are no longer smooth. Nevertheless, it can be shown that 
these spaces have Whitney stratifications into smooth submanifolds, see and [3^, Theorems 
8.3.1 and 8.3.2, which correspond to the stratifications of T*M, and M by orbit types [17]. In 
particular, if (Hl) denotes the principal isotropy type of the G-action in M, il has a principal 
stratum given by 

(15) Regfl ^ {r] e n : G,j ^ Hl} , 

where G,, denotes the isotropy group of rj. To see this, let 77 G $7 fl T*M, and Gx ^ H^. In view 
of (Ull) one computes for g e G^;, and X = Xt + G T^M = T^i^G ■ x) ® N^iG ■ x) 

g ■ i]{X) = 77((Lg-i)*,^(XAr)) = 77(X), 

since Gx acts trivially on Nx{G ■ x), see 0, pages 308 and 181. But G^ C Gjr(,,) for arbitrary 
77 G T*M, so that we conclude 

(16) r^ennT^M, Gx^Hl => Gn = Gx. 

Since the stratum Reg Q. is open and dense in il, equality ([15]) follows. Note that Reg is a smooth 
submanifold in T*M of codimension equal to the dimension k of a principal G-orbit in A/. It is 
therefore clear that the smooth part of Crit($) corresponds to 

(17) Reg Crit($) = { (x, C, 5) e (Reg nc^T*Y) y. G : g ^ G^x.,0 } , 
and constitutes a submanifold of codimension 2k. 



4. The generalized stationary phase theorem and resolution of singularities 

The principle of the stationary phase. Since the critical set of the phase function ([TO]l is 
not necessarily smooth, the stationary phase method can not immediately be applied to derive 
asymptotics for the integral ([9]). We shall therefore first partially resolve the singularities of 
Crit($), and then apply the stationary phase principle in a suitable resolution space. To explain 
our approach, let us begin by recalling 

Theorem 5 (Generalized stationary phase theorem for manifolds). Let M he a n-dimensional 
Riemannian manifold with volume density dM , ip G C°°(M) a real valued phase function, and set 

a(m) dM{m), fi > 0, 

Jm 

where a (to) G C^(M). Let 

C ~ {to G M : ijj^: : T,nM — > T^(,„)M is zero} 

be the critical set of the phase function ip, and assume that it is clean in the sense of Bott 7\, 
meaning that 

(I) C is a smooth submanifold of M of dimension p in a neighborhood of the support of a; 
(II) at each point to G C, the Hessian 1})" (m) of ip is transversally non-degenerate, i.e. non- 
degenerate on TmM/TmC ~ NmC, where NmC denotes the normal space to C at to. 

Then, for all N G N. there exists a constant Gn.^i > such that 

|I(Ai) -e*^°/^(27r/^)'T^ V n^Qj{i};a)\ < Gn 4, fi'^ vol {supp a n C) sup ||i:i'a|| . . , 
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where is a differential operator on M of order I, and i/jq is the constant value of ip on C. 
Furthermore, for each j there exists a constant Cj^^ > such that 



\Qj{tp; a)\ < Cj ^vol{supp a n C) sup ||-D'a|| ^ , 

l<2j" 



and, in particular, 



Qo{ip;a) 



a{m) 



;dac{m)e'"i'^'i'" , 



Ic \detr{m)iN„,c\'/' 

where dac is the induced volume density on C, and a^n the constant value of the signature of the 
transversal Hessian ip" {'m)\N^c on C. 



Proof. See for instance 
Theorem 2.12. 



Theorem 7.7.5, together with 



Theorem 3.3, as well as [IT] . 

□ 



Remark 1. An examination of the proof of the foregoing theorem shows that the constants Cat^^ 
are essentially bounded from above by 



sup 

mGCnsupp a 



Indeed, let a : (a;, j/) — > m G O C M be local normal coordinates such that a{x, y) £ C if, and only 
if, y — 0. The transversal Hessian Hess 7/;(m)|jv„c is given in these coordinates by the matrix 



k,l 



where m = a{x,0), compare (j60p . If the transversal Hessian of ip is non-degenerate at the point 
m = a{x,0), then j/ = is a non-degenerate critical point of the function y ^ [tp o a){x,y), and 
therefore an isolated critical point by the lemma of Morse. As a consequence, 



(19) 



\y\ 



\dy{\poa){x,y)\ 



< 2 



for y close to zero. The assertion now follows by applying [28], Theorem 7.7.5, to the integral 

e'(^°°')('=^y)/t'{aoa){x,y) dy dx 



in the variable y with a; as a parameter, since in our situation the constant C occuring in [28], 
equation (7.7.12), is precisely bounded by (|19p. if we assume as we may that a is supported near 
C. A similar observation holds with respect to the constants Cj^^. 

Conditions (I) and (II) in Theorem[5]are essential. Actually, the existence of singularities might 
alter the asymptotics, as can be seen from the following 

Example 1. Let M — R^, ip{x,y) = {xyY , and consider the asymptotic behavior of the integral 
^ip) = / / e^^''^'^''^'^a{x,y) dxdy as /z — )• 0+, where a{x,y) S C^(M^) is a compactly supported 
amplitude, and dx dy denotes Lebesgue measure in R^. The critical set of ip is given by the singular 
variety Crit(^/') = {xy — 0}, and a computation shows that 

i7r/4 

lifi) = ^a(0, 0)(27rA.)i/2 log(M-i) + 0(m'/2). 

In general, one faces serious difhculties in describing the asymptotic behavior of integrals of the 
form (|18p if the critical set C is not smooth and in what follows, we shall indicate how to circumvent 
this obstacle by using resolution of singularities. 
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Resolution of singularities. Let M be a smooth variety over a field of characteristic zero, Om 
the structure sheaf of rings of Af, and / C Oa/ an ideal sheaf. The aim of resolution of singularities 
is to construct a birational morphism 11 : Af — ^ M such that Af is smooth, and the inverse image 
ideal sheaf n*(/) C O^j, which is the ideal sheaf generated by the pullbacks of local sections of /, 
is locally principal. This is called the principalization of /, and implies resolution of singularities. 
That is, for every quasi-projective variety there is a smooth variety X, and a birational and 
projective morphism -k : X ^ X . Vice versa, resolution of singularities implies principalization. If 
n*(/) is monomial, that is, if for every x £ M there are local coordinates and natural numbers 
Ci such that 

i 

one obtains strong resolution of singularities, which means that, in addition to the properties stated 
above, tt is an isomorphism over the smooth locus of X, and 7r~^(SingX) a divisor with simple 
normal crossings. By the work of Hironaka [26], resolutions are known to exist, and we refer the 
reader to [31] for a detailed exposition. Let next D{I) be the derivative of /, which is the ideal sheaf 
that is generated by all derivatives of elements of /. Let further Z <Z M he a. smooth subvariety, and 
77 : BzM — >■ M the corresponding monoidal transformation with center Z and exceptional divisor 
F C BzM . Assume that (/, m) is a marked ideal sheaf with m < ord^/. The total transform 
7r*(/) vanishes along F with multiplicity ord^/, and by removing the ideal sheaf ObzmI''^ ■ P) 
from 7r*(/) we obtain the birational, or weak transform TT~^{I,m) — {OBz{M){'fnF) • '''*(/), m) of 
(/, m). Take now local coordinates (xi, . . . , Xn) on Af such that Z = (xi = ■ ■ ■ = Xr ~ 0) ■ As a 
consequence, 

X \ X f — 

yi — ; • ■ • 1 Vr—l — 1 Ur — '^ri • • • i Un — 

Xj" Xf 

define local coordinates on BzM, and for {f,m) £ {I,m) one puts 

K^ifixi, ■ ■ .,Xn),m) = {y^"' f{yiyr, . . .yr-iyr,yr, ■ ■ . ,y„),TO). 

By computing the first derivatives of 7r7^(/(a;i, . . . , a;„), m), one then sees that for any composition 
n : M — )■ i\/ of blowing-ups of order greater or equal than m, 

(20) n;ip(/,m)) c i?(n,-i(/,m)), 

see [2T], Sections 3.5 and 3.7. 

Consider now an oscillatory integral of the form p^ . and its asymptotic behavior as /i — > +0, 
in case that the critical set C of the phase function ip is not clean. The essential idea behind our 
approach to singular asymptotics via resolution of singularities is to obtain a partial monomializa- 
tion 

of the ideal sheaf = (ip) generated by the phase function ip via a suitable resolution H : M — Af 
in such a way that the corresponding weak transforms ip'^'' = have clean critical sets in the 

sense of Bott [7]. Here zi, . . . ,Zk are local variables near each x G M and Ci are natural numbers. 
This enables one to apply the stationary phase theorem in the resolution space M to the weak 
transforms ijj'^'^ with the variables zi, . . . , z/, as parameters. Note that by Hironaka's theorem, 
can always be monomialized. But in general, this monomialization would not be explicit enough 
to allow an application of the stationary phase theorem. 

In the situation of the previous sections, consider the set M defined in ([T^ . To derive asymp- 
totics for the integral ^ , we shall construct a strong resolution of A/", from which we shall deduce 
a partial desingularization Z : X ^ X = T* M x G oi the set 

(21) C^{{x,^,g)enxG:g-{x,0^ {^,0} , 
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and a partial monomialization of the local ideal /$ — (<i>) generated by the phase function (fTO|) 

J 

where aj are local coordinate functions near each x ^ X, and Ij natural numbers. As a consequence, 
the phase function factorizes locally according to $ o Z = J| ct'-^ • ^"^^ , and we show that the weak 
transforms have clean critical sets. Asymptotics for the integrals I{fj,) are then obtained by 
pulling them back to the resolution space X, and applying the stationary phase theorem to the 
^'"'^ with the variables aj as parameters. 

A general description of the asymptotic behavior of oscillatory integrals with singular critical sets 
was given in fS], and later also in [15, 32, 2 , using Hironaka's theorem on resolution of singularities. 
It implies that integrals of the form ([TSl) always have local expansions of the form 

ji-i 

5]I]cafc(a)/i"(log/i-l)^ 

a k=0 

where the coefficient a runs through a finite set of arithmetic progressions of rational numbers, and 
the Cak are distributions on M with support in C. The ocurring coefficients a and k are determined 
by the so-called numerical data of the resolution, and their computation is in general a difficult 
task, unless one constructs an explicit resolution. Resolution of singularities was first employed in 
El 13] to give a new proof of the Hormander-Lojasiewicz theorem on the division of distributions 
and hence to the existence of temperate fundamental solutions for constant coefficient differential 
operators. Since many problems in analysis originate in the singularities of some critical variety, 
it seems likely that an application of resolution of singularities may be relevant in further areas of 
this field. 

Partial desingularizations of the zero level set of the moment map and the symplectic quotient 
fl/G have been obtained e.g. in |33| for compact symplectic manifolds with a Hamiltonian compact 
Lie group action by performing blowing-ups along minimal symplectic suborbifolds containing the 
strata of maximal depth in ft. Recently, resolutions of group actions were also considered in to 
study the equivariant cohomology of compact G-manifolds. 

5. The desingularization process 

We shall now proceed to resolve the singularities of p^ . For this, we will have to set up an 
iterative desingularization process along the strata of the underlying G-action, where each step in 
our iteration will consist of a decomposition, a monoidal transformation, and a reduction. The 
centers of the monoidal transformations are successively chosen as isotropy bundles over unions of 
maximally singular orbits. For simplicity, we shall assume that at each iteration step the union of 
maximally singular orbits is connected. Otherwise each of the connected components, which might 
even have different dimensions, has to be treated separately. 

First decomposition. Let M be a closed, connected Riemannian manifold, and G a connected 
compact Lie group acting on M by isometrics. As in the previous section, let (Hi), . . . , (Hl) be 
the isotropy types of the G-action on AI, 1 < k < L — 1, and fk'-i^k^ Mk an invariant tubular 
neighborhood of Mk{Hk) in 

fe-i 

i=l 

a manifold with corners on which G acts with the isotropy types (i/fe), (Hk+i), . . . , [Hl). Here 

= (exp„(.) o7('=))(z;('=)), p^'^) e Mk{Hk), v^"^ G {uk)pi^,, 
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is an equivariant diffeomorphism, while 

^ > (1+ 11)1/2 ' 

where Fk : Mk{Hk) — ^ M is a smooth, G-invariant, positive function, see [5], pp. 306. Let 

o 

Sk^ {v e Vk ■ \\v\\ = 1} ^ Mk{Hk) be the sphere bundle over Mk{Hk), and put Wk = fk{Di (i^k)), 

O 

Wl =Ml, so that 

see (jlip . Endow G with the Riemannian structure 

d{Xg,Yg) = -tT£,d{dLg-l{Xg))ad{dLg-l{Yg)), Xg,Yg G TgG , 

where Lg : h ^ gh, h £ G, and introduce for each p*^*^^ e Mk{Hk) the decomposition 

TeG ~ g = ® flp(fc) , 

where Q^ik) ~ TeGp(k) denotes the Lie algebra of the stabilizer Gp(k) of p^'^^ and Q^k) its orthogonal 
complement with respect to the above Riemannian structure. Note that ThGp(k) ~ dLhiSpik)), and 
if ^ G , d{dLh{X),dLh{A)) = — tr ad (X)ad {A) — for all X € Qp{k) . Therefore, the mapping 

^ A^dLh{A) = ^{he*^)^^^^ e NhGp(k) 

establishes an isomorphism g^^^y ~ N^Gpik). In fact, Ad {Gp(k))Q^^^y C Qpik), so that G/Gp(k) 
constitutes a reductive homogeneous space, while the distribution G B g ^ T^°''G = dLg[Q^^^^) 
defines a connection on the principal fiber bundle G — >■ G/Gp{k) for all p € Mk{Hk)- Consider next 
the isotropy bundle over Mk{Hk) 

IsoMkiHk)^ MkiHk), 

as well as the canonical projection 

TTk-.Wk^ Mk{Hk), e A4(i/fe), «W e 

Since g € G is an isometry, the theorem of Whitehead implies 
so that one concludes 

(22) A/" ClsoT4^i U U ttI IsoMkiHk), 

fc=i 

where Iso Wl — Wl is the isotropy bundle over Wl , and 



nl Iso 



MkiHk) = {ifkip^''\v^''^),h'^''^) eWkxG: h^"^ e G^c., } 



denotes the induced bundle. Consider now an integral /(/i) of the form Introduce a partition 
of unity {xfc}fc=i,...,L subordinated to the covering M = WiU ■ ■ ■ U Wl, and define 

Ikifi)^ f f e'^'^^-'^'3\k{x)a{gx,x,i,g)dgd{T*Y){x,i). 

JT'Y Jg 

As will be explained in Lemma |31 the critical set of the phase function $ is clean on the support of 
Xia, so that one can directly apply the stationary phase principle to obtain asymptotics for /l(^). 
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We shall tliercforc turn to the case when 1 < fc < L - 1, and M^fe n y 7^ 0. Let {w f \ . . . , w^fij be 
an orthonormal frame in Vk, {pt\ ■ ■ ■ j-P^'^^cC') ) local coordinates on Mk{Hk), and write 



By choosing Y small enough, we can assume that the coordinates in the chart {n, fk{vk) H Y) are 

(fc) 7 t'l : ■ 



given by «;(expp(A.) 7^=) (w^''))) = (£i,...,i„) = {pi \ . . . ,p'^1^^^-^,ef\ . . . ,9^^^-^). By the considera- 
tions leading to (1^^ . 

where 



Critfc($) C n*lBoMk{Hk) X Mj", 



Critfc($) = {(a;, ^ g) ^ {nr\T*{Wkr\Y)) x G : g ■ (a;, C) = [x, 0) ■ 

Let therefore Uk be a tubular neighborhood of 7r*Iso Affe(i/fc) in VK^ x G, and 

Bfc : [/fc^<.IsoA4(i?fc) 

the canonical projection which is obtained by considering geodesic normal coordinates around 
TT^ lsoMk{Hk) and by identifying Uk with a neighborhood of the zero section in the normal bundle 
N ttIIso Mk{Hk)- The non-stationary phase theorem [25], Theorem 7.7.1, then yields 



(24) 



e*'^*("'«'«)xfe(2:)6(5x, x, g) dg dM{x) + 0(a*-°°), 



where 6 is equal to the amplitude a multiplied by a smooth cut-off-function with compact support 
in Uk- Note that the fiber of N tt*Iso MkiHk) at a point {fk{p^^\v^''^),h^^^) may be identified 
with the fiber of the normal bundle to G^ik) at the point h^''\ Let now Ai{p^^^), . . . , A^(fc) {p^^^) 
be an orthonormal basis of Q^^^■^ , and Bi(j)^^^), . . . , BgCfc) (p^'^-') an orthonormal basis of Qp(k) , and 
introduce canonical coordinates of the second kind 

(ai,...,a,(..,/3i,...,/3,<.,)^ e5:.-^^(^<^') e^^^^^^(^'^\ 

in a neighborhood of a point g e G, see page 146, which in turn give rise to coordinates 

(ai,...,a,<..).^(A.(pW,.W),e5:.-^^(^'^')M'=)) 

in n^^(/fc(p('''\ u^'^^), /i^*^^). Integrating along the fibers of the normal bundle to nllsoMk{Hk), 
compare [13], page 30, we obtain for /fc(/.t) the expression 



(25) 



hi^^) = I [ 



e'^'^XkbJk d^dA^""^ 



e*^*Xfe&Jfc d^d^C^) dh^^^^dv^^^ 

MkiHk) "'7r-i(p('»))xG^(fc)X_D.(B^(,))xR" 

up to a term of order 0(/i^°°), where dp^''\dv^''\dh'^'^\dA^'''> are suitable volume densities on the 
sets Mk{Hk), {vk)pm, Gp(k), g^f^, ~ N,^ik,Gp(k), respectively, and 

(26) (pW,z;W,AW,/.W) ^ (A(pW,z;W), e^*'"' /.«) = (x,^) 

are coordinates on Uk such that dgdM{x) = ^Jfc dA'^'^) d/i''^^ du'*^^ dp'^^\ Jk being a Jacobian. Here 

o 

-Dt (0 (fc) ) denotes the interior of a ball of suitable radius i > around the origin in g . 
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First monoidal transformation. We shall now sucessively resolve the singularities of ([T2l) . To 

begin with, note that ([22l) implies 

L-l 

Af=IsoWL U [j AfnUk, 
fe=i 

and we put JVl = IsoWl, Nk = A/" n Uk- While Nl is a smooth submanifold, Nk is in general 
singular. In particular, if dimfffc ^ dimiJ^, A/fc has a singular locus given by Iso Mk{Hk)- We 
shall therefore perform for each l}a monoidal transformation 

a : Sz,(C/fc) ^ Uk 

with center Zfc = Iso Mk{Hk) C A/fc. By piecing these transformations together, we obtain the 
monoidal transformation 

L-l 

C^^^ : Bz(i){M) — > M, Z'-^^ = [j Zk (disjoint union). 

fc=i 

To get a local description, let k be fixed, and write A'-''\p^''\ a'-'''^) = ^^[''^(P*''^) ^ Qp(k), 

— J2 l^i'^'^ Bi''\p^''^ ) € 0p(*!)- With respect to these coordinates and the ones intro- 
duced in (gg and (EH) we have Zk ~ {T^^) = (^C^), at'^)) = O}, so that 

BzAUk) = M) e ^fc X MP='^'+'^""-i : T^'^k, ^ T^^'k,] , 

Cfc : {x,9, [t]) ' — > {x,g). 

If t, ^ 0, 

define local coordinates on Bz^{Uk)- Consequently, setting Vg = |[t] G K.P'^ '^"^ : ^ o|, 
we can cover Bz^{Uk) with charts {((^9^,0^)}, where = Bz^{Uk) n (?7fc x V^), such that ^fc is 
realized in each of the ^^'^^-charts {Cfe}i<g<c(fc) 

^27) C'k - aoi^ir' : bW,rfc,«W, (pW, rfci)^, TfcA^, 

(exppt.) Tfc5(*=\ e^"^^"' h^^^) = {x,g), 

where e'^'^)) € T**^^ ) , and fi-jT = |t; e i/^ : v = s,v'^''\ Sg > 0,\\v\\ = l}, while 

Tfc e (—1, 1). Note that for each I < g < c'*^^ we have Wk — S'^ x (—1, 1) up to a set of measure 
zero. A similar description of (k is given in the a^'^' -charts. As a consequence, we obtain a partial 
monomialization of the inverse image ideal sheaf {C^^^Yiljv) 

in a neighborhood of any point (x, [t]) G -6^(1) (A^)- To see this, note that I_\f is generated locally 
by the functions Xq{x) — Xq{g ■ x), 1 < q < n. We have g ■ expp(fc) TkV^'^^ = expg.p(fc) (rfc-D*^ '''-')], 

where (w^*^^) G 7*^'^H(^fc)gp<fc) ), i^fe being a G-vector bundle. Now, Taylor expansion at Tfc = 

gives for y e Y n fkM 

i.ie-'^"" -y) =i,(y)-rfc.IW(i,) + 0(|r,2AW|), 
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where Tk G (— 1, 1), A'*^' eZJt (Sj/fc)), and i > is assumed to be sufficiently small. Furthermore, 
Ay''\xq) = dxq{Al''^). Consequently, 



(28) 



K(expp(fc) Tfc5('=)) - K(e^''^"°' /jC^) • expp(fc) TfeS**^)) 
= r. {a% (i,),..., (Cf'^) ) - ((/.C^)),,,., ^f'^) ,...)+ OilriA^'^^ |). 

Since similar considerations hold in the a^'^-'-charts {Cfc}c('t)+i<g<c(fc)+(i('') ' assertion follows. 
In the same way, the phase function pop factorizes according to 

(29) $ o (id^ (g) Ck) = = Tk ■ W^"'^ 

{k)^tot {k)^wk i-,gj]^g ^]^g toia/ and weak transform of the phase function $, respectively^ In 
the 6''^'^''-charts this explicitly reads 

(30) 



$(x,e,g) = (K(expp(., TfcS('=)) - «;(e^'=^"°' /i^ • expp(.) TfevC^)),^ 

5: ^,dpi''KA%) + Y^[ei'^\i('^^)-ei'^\{h('X^,.^^^^^^ 

q—l r—1 

Since Cfc is a real analytic, surjective map, we can lift the integral Ikip-) to the resolution space 
BzkiUk), and introducing a partition {u^} of unity subordinated to the covering {Of} yields with 
(Pl)) the equality 

e=l g=cW+l 

up to terms of order 0(^~°°), where the integrals /^(m) and /^(Ai) are given by the expressions 



BzAUk)yi 



ul{\A^®Qk)*{e'^''XkbdgdM{x)di). 



As we shall see, the weak transforms ('^)$"''^ have no critical points in the a '^''•'-charts, which 
will imply that the integrals /^(/i) contribute to /(/i) only with lower order terms. In what 
follows, we shall therefore restrict ourselves to the the examination of the integrals I^in)- Setting 



{ug o i^iy^) ■ [{hxk) o (id^ (g) Cfc)] we obtain with ^ and ^ 



4'(m) = 



didA^^^ dh^^^ di^^^ dTk dp^''\ 



where du*^'^^ is a suitable volume density on J^''\iSk)p(k-)) such that the pulled back density reads 
{C,l)*{dgdM{x)) = dA^^'^ dh^^^'^ di^^'^ drk dp^^\ Furthermore, by compairing ^ and ^ one 
sees that 



Jk - rfcl Jk o Cfc- 



Note that the weak transform is defined only locally, while the total transform has a global meaning. To keep 
the notation as simple as possible, we restrained ourselves from making the chart dependence of tj. and 
manifest. 
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First reduction. Let k be fixed, and assume that there exists a x G Wk with isotropy group 
Go: ^ Hj, and let p^*^) e Mk{Hk),v'-''^ e {i^k)pW be such that x = /fc(p('') , w^''-'). Since we can 
assume that x lies in a slice at p^'^^ around the G-orbit of p^''\ we have C Gp(k) , see [3^, pp. 
184, and [5], page 86. Hence Hj must be conjugate to a subgroup of Hk ^ Gp(k). Now, G acts 
on Mfc with the isotropy types {Hk), (Hk+i), . . . , (Hl)- The isotropy types occuring in Wk are 
therefore those for which the corresponding isotropy groups Hk, Hk+i, ■ ■ ■ , Hl are conjugate to 
a subgroup of Hk, and we shall denote them by {Hk) = {Hi^), {Hi^), . . . , {Hl)- By the invariant 
tubular neighborhood theorem, one has the isomorphism 

Wk/G ~ {vk).p{k) /Gp(k) 

for every G Mk{Hk). Furthermore, {vk)p{k) is an orthogonal Gp(fc) -space; therefore Gp(fc) acts on 
{Sk)p{k) with isotropy types {Hi^), . . . , {Hl), cp. 14;, pp. 34, and G must act on Sk with isotropy 
types {Hi^), . . . , {Hl) as well. If all isotropy groups Hi^, . . . , -ffi have the same dimensions, the 
singularities of A/fc have been resolved. Indeed, note that (^^{J^k) is contained in the union of the 

ei^'^^-charts {Oni<p<c('=) 

since, in the notation of (|26l) . e'^*'^' /i^*^-* S G^^(p(fc)^(fc)-) C Gp(fc) necessarily 
implies A*^*^^ = 0. Let therefore I < g < c'^^\ and consider the set Cjr^(A/'fc) n O^, which is given by 
all points {x,g, [t]) with coordinates {p''^\Tk,v'^^\ A''^\h'^^'^) satisfying 

gTfcAt ' ^(fc) g G(,xp^^^j ^^;^{k) C Gp(fc). 

If Tfc ^ 0, this implies A^'') = and /i^^) G G^c^) . Therefore 

Cfc^(AAfc) n Ol = {a^'^) = 0, h^'^^ e G,,k, , Tfe ^ o} U {r,. = 0} . 

Assume now that all isotropy groups iJ;^ , • ■ • , Hl have the same dimension. If Hk has the same 
dimension, too, Afk is already a manifold. Otherwise, the invariant tubular neighborhood theorem 
implies that (^^^(RegA^) n Of = {^C^) = 0, /i^^) e G5(fc),Tfc O}, where RegWfc = RegWn 
denotes the regular part of Afe- The closure of this set is a smooth manifold, and taking the 
union over all 1 < £i < c''^-' yields a smooth manifold Afc C Bzk{Uk) which intersects C^^(Sing A/fc) 
normally. After performing an additional monomial transformation with center A4nC^"'^(SingA/'fc), 
we obtain a strong resolution for A/fc- Furthermore, if G acts on 5*^ only with isotropy type {Hl), we 
shall see in Sections IH] and [7] that in each of the 6'''^)-charts the critical sets of the weak transforms 
(k);^wk g^j.g qIq^^yi, so that one can apply the stationary phase theorem in order to compute each 
of the /^(/i). But in general, G will act on Sk with singular orbit types, so that neither A/fc is 
resolved, nor do the weak transforms ('^)$"''^ have clean critical sets, and we are forced to continue 
with the iteration. 

Second Decomposition. In what follows, let 1 < fc < L — 2, and p'^'^^ € Mk{Hk) be fixed. 
Since 7^*°^ : Vk ^ Vk is an equivariant diffeomorphism onto its image, 'y^''\{Sk)p(k-)) is a compact 
Gp(fe) -manifold, and we consider the covering 

j^''H{Sk)p^k,) = I^fc.,, U • • • U WkL, Wki, = fkiADi {i^ki,)), WkL - Int(7^'n(^fc)p(*))L), 
where fki^ : vu^ l^'^H{Sk)p(k))i^ is an invariant tubular neighborhood oi j^'^\{Sk)p(k))i^{Hi^) in 

l^''\{Sk)pik,)i, = 7^'^((5fc)p(.,) - U fkiADi/2 {i^kij), J > 2, 

r=2 
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i^fcZj ~^ ^kij being an equivariant diffeomorphism onto its image given by 

^ ^ ' 11)1/2 ' 

where Fi. : iiSk)p{k))i^{Hi^) — >■ R is a smooth, Gp(fc) -invariant, positive function. Let now {xkij} 
denote a partition of unity subordinated to the covering {M^ij}, which extends to a partition of 
unity on 7*-'^-'(S'fc) as a consequence of the invariant tubular neighborhood theorem, by which in 
particular j'-''^Sk)/G ~ -/'■''\{Sk)pw )/Gp(k) for ah p<-''\ We then define 



(31) 



A/fc(fffc)x(-l,l) 



(fc) 



so that I^{p-) = I^i^ {p) + ■ ■ ■ + I^j^lp). Since Gp(k) acts on Wul only with type [Hl), the iteration 
process for I^x(p) ends here. For the remaining integrals I^j,{fi) with k < Ij < L and non-zero 
integrand, let us denote by 

the isotropy bundle over l^^\{Sk)p{k))^{Hi.), and by ttm, ■ Wm^ l^''\{Sk)pw)i,{Hi^) the 
canonical projection. We then assert that in each ^^'-''-'-chart {C'fc}i<g<j,(fc) 

Critfei^.(('=) !.«"=) 

^^^^ C {(pW,Tfe,z)W,^,/iW,AW) : (5W,/iW) e^fc,Jso7^'='((^fc)p<.,)i,(i?;,), - o}, 

where 

Critfci^. («!.""=) - {(pW,Tfc,«W,e,/i('=\AW) : =0, G l¥fc, J . 

Indeed, from ([2^ it is clear that for 7^ the condition 9^ = is equivalent to 

which implies a^*^-* = 0, and consequently h'^^^ G G^(k-). But if u^'^^ — fkij{p^^'\v), where p^'^^ G 
7''''HiSk)pik))i^iHi^), V eDi im,)p(ij), then /i^^) G G^ci^). On the other hand, assume that Tk = 0. 
By the vanishing of the ^-derivatives of C^)!)™'^ is equivalent to 

(I^l,bl'=^...,i;^^,(pW^,,,)) =0^ (1-/.W),,<..S« =0, 

which again implies a'^'^^ = 0, as well as /i'^'^^ G G^(k) . But if w''^^ = /fe;^. (p^'^-*, u) as above, we again 
conclude h^''^ G G (i^), and ([5^ follows, since 

Jso7('H(5fe)p(.,)z^(iIiJ ={(«;,.g) G W^h, x G^,., : w = /fei, i;), 

g 7(fc)((5fc)p(.,)i^.(i/iJ, Gi^i (i^fci,)pa,), g e G^a,.,}. 

The same reasoning also shows that the weak transforms (''■)$™'^ can have no critical points in 
the a'^^^-charts {C'fc}c(fe)+i<g<c(fc)+(i('») • ^^'-'^ ^''h denote a tubular neighborhood of the set 
T^li Jso^'^'^'' {{Sk)p(k-))i - {Hi .) in Wkij X G^ck), and let bf. be equal to the product of the amplitude af, 

with some smooth cut-off- function with compact support in Umj that depends smoothly on p^'''> . 
The non-stationary phase theorem then implies that, up to terms of lower order, we can replace 
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fl^ by 6^ in (|3T|) . compare Section [9l For given p^'^^ e 'y'-'''> {{Sk)p(k))i-{Hi.), consider next the 



•'fc 

decomposition 



Let further /i^'^^ e G (!,), and A] ' , . . . , A be an orthonormal frame in a"H, as well as 

bJ'^'' , . . . , b'I^^^) be an orthonormal frame in Qj^(ij), and v[''''' \ . . . ,v^\lp.^ an orthonormal frame 
in {i'kij)p(ij) ■ Integrating along the fibers in a neighborhood of 7rliJsoj^'^\{Sk)p(k))i.{Hi.) then 
yields for I^^ . (^) the expression 



Xfci, Jfcl^. rf-4('=) d/jC') drfc dpC^) 



up to lower order terms, where Sf^i . is a Jacobian, and 

are coordinates on Uki^, while dp'^^^\ dA^^'\ dh'^^^\ and dw'^'^^ are suitable volume densities in the 
spaces 7^''H{Sk)pw)ij{Hi^), g^;,.,, G^(i^), and I)i {vki,)p('j), respectively, such that we have the 
equality J§ dh^^'^ dw^^) = J^f-^ dA^'^) dp('^). 

Second monoidal transformation. Put M^^^ = B;^{i){M.), and consider the monoidal trans- 
formation 

C,^"^^ : Bzi2){M^^^) — > M^'^\ Z(^) = |J Zki (disjoint union), 

k<l<L, (Hi)<(Hk) 

where 

Zki- U (-l,l)xlso7«((5fe)p(.,),(i/0, k<l<L, {Hi)<{Hk), 
are the possible maximal singular loci of {(^'-^'>)^^{Af). To obtain a local description of let us 

write A«(pw,pw,aW) = e 0^(o . z^^'^) = E e 

0p(o , as well as 

4=1 

One has ~ {a^*^-* = 0, a''-* = 0, 0*^'^ = O}, which in particular shows that each Zki is a manifold. 
If we now cover 3^(2) (M^^^) with the standard charts, a computation shows that (C*^^-* o^(2))~i(A/') 
is contained in the (6''^'^\ 6''^''')-charts. For our purposes, it will therefore suffice to examine C*-^-* in 
each of these charts in which it reads 

(33) ■ (P^'^rkJ^nM'KA^^hi^AC^y) 'S' (pW,r,,pW,r,«W,r,A«, r.AW) 

^ (pW,rfe,exp,„ e-^'" /z«,r,AW) ^ (pW, r,, C^, ftW, A^), 

where t; e (—1, 1), and 

z)W(pW,pW,0«)e7^'H(5+)p(o). 
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Here Ski stands for the the sphere subbundle in Vki, and 5^ = |w g Ski ■ v = Y1 ^j^i*^''' i '^cr > o| for 
some a. Note that Zki has normal crossings with the exceptional divisor Ek = (^^{Zk) — {r^ = 0}, 
and that for each p^'^^ e Mk{Hk) we have Wki — S'^^ x (—1, 1), up to a set of measure zero. Now, 
Taylor expansion at r/ = gives 

^^?«(exp^„ r,i)W) 0«((e^'-4'" h^%,^,., exp^,, r,#')) 
rz^[^0«(exp,(o - ^^^((e-^'" exp^,, r,^W)" 

+Oi\r? I) + 0(|rf - |) 



|t,=0 



9ri 

96i(''^)(l,p('),0) 
a(rfc,pW,0(O) 



where {pr^} are local coordinates on j^'^\{Sk)p(k))i{Hi), 

denotes the Jacobian of the coordinate change O^'^^ — S*^*^^ (r^. expp(i) 7(')(u('))), and all vectors are 
considered as row vectors, the transposed being a column vector. Since similar considerations hold 
in the other charts, we obtain with (1^51) and a partial monomialization of (C'^"'^' o C^^'')*(^A^) 
according to 

in a neighborhood of any point m G S^ca) (Af*-^-*). In the same way, the phase function factorizes 
locally according to 

$ o (id^ ® (Cfe^ o Cff)) = = n ri 

which by ([50t and (1551) explicitly reads 



n—c^ ' 



9=1 



[0W(expp(orzf}(')) -0W((e-'-4« ^^p^^^^ + |)' 



/a(p(fe)^6iW)(p('=),i,p«,o) 



A 9(pW,Tfe,p(O,0(O) 

in the (^?'^'^\ 0*^'))-charts. A computation now shows that the weak transforms have no 

critical points in the a''^)-charts. We shall therefore see in Section |9] that modulo lower order 
terms (/i) is given by a sum of integrals of the form 



Affc(fffc)x(-14) 



7<'='((S.) ,fc)),(ff,)x(-l,l) 



7<"((S)ci)p(i))xGp(0X-D.(B^(,)))X-D^(sV)))''"^" 



28 



PABLO RAMACHER 



for some l > 0, where a^^ are compactly supported amplitudes, and dw*^'-' is a suitable density on 
l^''\{Ski)pm) such that we have the equality 

dM{x) dg = J§[ dA^^^ dA^^^ dh^^^ dv^^'> dn dp^^^ drk dp^'^l 

Furthermore, a computation shows that J^f = |t; |'^*''+'''^'+'^'''~^j7'^^; o Xki ■ 

Second reduction. Now, the group Gp(fe) acts on ^^''\{Sk)p(k))i with the isotropy types (Hi) = 
{Hi-), {Hi-^-^), . . . , (Hl)- By the same arguments given in the first reduction, the isotropy types 
occuring in Wki constitute a subset of these types, and we shall denote them by 

iHi) = {Hi^^),iHi^^),...,{HL). 

Consequently, for each p^''^ € Mk{Hk), Gp(k) acts on Ski with the isotropy types (Hi^^), . . . , (Hl). 
If the isotropy groups Hi^^ , . . . , Hl have the same dimensions, we shall see that the singularities 
of {(^^^)~^{Af) can be locally resolved over Z^i- Moreover, if Gp(k) acts on Ski only with type {H^), 
the ideal J$ can be partially monomialized in such a way that the critical sets of the corresponding 
weak transforms are clean. But since this is not the case in general, we have to continue with the 
iteration. 

N-th decomposition. Denote by A < L the maximal number of elements that a totally ordered 
subset of the set of isotropy types can have. Assume that 3 < A'' < A, and let {{Hi^), . . . , (ffj^)} 
be a totally ordered subset of the set of isotropy types such that ii < ■ ■ ■ < in < L. Let fi-^ , fi^i,, , 
S'ii, Si^i^, as well as p^'^'> e Mi^{Hi^), pf*^) e 7^''\{StJp(n))i2{Hi^), • • • be defined as in the first 
two iteration steps, and assume that fii...ij, Si^,„i-,p''^^\ . . . have already been defined for j < N. 
For every fixed let 7^*""^H('^ii...iiv-i)p(*N-i))iN be the submanifold with corners of the 

closed GpCi.v-i) -manifold 7'-*""^-'(('5'ii...iN-i)p(iiv-i)) from which all orbit types less than G/Hi^ 
have been removed. Consider the invariant tubular neighborhood 

fii...iN ~ expo-y^ : — ^ q/( « '^•'((S'jj 

of the set 7^'''"^n('S'ii...iN-i)p(*iv-i))iN(-ffiiv)i and define Si^,„if^ as the sphere subbundle in 
while 

Si.,, = {v G Si,..,, : V = ■■■-), v,,^ > O} 

o 

for some Qi,. Put Wi,..,, = fi,..,,{Di (i^ii. .,,)), and denote the corresponding integral in the 
decomposition of I^^^ i^^i'^ (m) by lil^ i^ ^^^ (/^)- Here we can assume that, modulo terms of lower 
order, the Wi,..,^, x G^ci Y_i)-support of the integrand in I^"^^ iw'""^ (m) contained in a compactum 
of a tubular neighborhood of the induced bundle 7r*^...j„Iso7^'™-i)((S'ii...j„_Jp(i„_i))i„(-ffi„), 
where ■Ki,...i, : Wi,...i, 7^*''"'H('5n-iiv-i)p(*iv-i))iN(-f^iw) denotes the canonical projection. 
For a given point p('Jv) g l^^''~^\{Si^..,,_i)p(iN-i))iN{HiN)^ consider further the decomposition 

and set d^^"^ = dimg^(.^^, e^'™) = dim^pCj^^). This yields the decomposition 

(34) = 0p(n) e 0p(ii) = (0p(i2) e 0p(i2)) e flpCn, = • • • = Qp^,) e Spf^^) e • • • e flpt^). 
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Denote by {Ai""\p^'^\ . . . ,p(-^'''>)} a basis of g^^^^y and by {Bi^"\p^^^\ . . . ,p^''''>)} a basis of 
0p(»„)- For e and B^'^) e 0p(,„) write further 

r— 1 r— 1 

and let ^Vr^"'^"\p'^^^\ . . be an orthonormal frame in (t'ii...ijv)p('iv) • 

N-th monoidal transformation. Let the monoidal transformations C'^^^C'"^'' be defined as in 
the first two iteration steps, and assume that the monoidal transformations (^^^^ have already been 
defined for j < N. Put M^^'^ = BzU) (TW^-'"^)), M^^^ = 7W = M x G, and consider the monoidal 
transformation 

(35) C'^) :B^(jv)(;W(^-i))^;W(^-i), ZW= IJ (disjoint union), 

ii<-<ijv<L 

where the union is over all totally ordered subsets {(iJjJ, . . . , of A'' elements with ii < 

■ ■ ■ < In < L, and 

Zn....^ U (-l,l)'^-'xIso7('"-^'((5.,....„_J^(.„_,,).„(iJ.„) 
p<*i),...,p''w-i) 

are the possible maximal singular loci of (C^^^ o • • • o (^^^~^^)~^{J\f). Denote by Cf^*^ o • • • o C,il]''i^*^ 
a local realization of the sequence of monoidal transformations C}'^^ o • • • o C}'^^ corresponding to the 
totally ordered subset {(-ffjj, . . . , in a set of {6^^^\ . . . , 0(*"))-charts labeled by the indices 

Qi^, . . . , Qi^ . As a consequence, we obtain a partial monomialization of the inverse image ideal 
sheaf (C^^) o • • • o C'^^^)*{Im) according to 

(C(i) o . . . o c(^))*(/a^) • £^,M,., = r,, • • • ■ (C(^) o . . . o c(^)).-^(/a^) • 

in a neighborhood of any point m € = B^^n) as well as local factorizations of the 

phase function according to 

$o(id^®(Cf;^ o ■ ■ ■ o c^:::^^)) = (n...z«)^tot^^.^...^.^(n...i«)^«,fc^ 

where in the relevant {0'-'^^ \ . . . , ^^(*"^)-charts 

the {p^^} being local coordinates, ^(^^0) e 7(^")(('S'i. '^''"^ ^ Gj,(.^), and 

c . c(n»2) c(ii...»iv-i) 

Here S^*^ - '^^ corresponds to the Jacobian of the coordinate change given by 
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Modulo lower order terms, /(/i) is then given by a sum of integrals of the form 



/ [/ 



(36) 



'r<'i'((Sn)^(,i)).2(^.2)x(-i.i) 



pi/iri...rjv 



(n ■-»jv)<j)™'' 



7<'«'((S.i...,„)^(.„,)xG^(,„)XD,(B^,^^,)x...xD.(g^(,^))> 



^:f.!.'ir" ^^^^''^ • • ■ ^^^^'"^ ^^/i^'"^ ^^^'^^"^ <in^ dp^'"'' ■ ■ ■ dn^ dp^^^'^ dn, dp^'^K 

Here a^'^'j'^'" are amplitudes with compact support in a system of {9^'^'^\ . . . , 6''^*"'')-charts labeled 
by the indices gi-^, . . . , Qi^ , while 

fQil ---Qi 



N 



7 



where J^^_^^ '^ '^ are functions which do not depend on the variables Ti. . 

N-th reduction. For eachp(*"-i\ the isotropy group G^(i„_i) acts on 7^*""^H('5'ji...ijv-i)p(*N-i))iN 
by the types ),..., (TJi). The types occuring in Wi^,,,ifj constitute a subset of these, and 
Gp(ijv-i) acts on the sphere bundle Si^,,,if, over the submanifold7('"-i)((S'ii...i„_Jp(,„„i))i„(7Jj„) C 
Wi^,,,i^ with one type less. 



End of iteration. As before, let A < L be the maximal number of elements of a totally ordered 
subset of the set of isotropy types. After = A — 1 steps, the end of the iteration is reached. 
In particular, we will have achieved a desingularization of A^. For this, it is actually sufficient to 
consider only monoidal transformations psp whose centers Z'^'^^ are unions over totally ordered 
subsets . . . , [Hi^)} for which the corresponding orbit types G/Hi. are singular. 

Theorem 6. Consider a compact, connected n- dimensional Riemannian manifold M , together 
with a compact, connected Lie groups G acting effectively and isometrically on M , and put 

Af = {(a;, g) e M : gx ^ x} . 

For every 1 < N < A — 1, let the monoidal transformation C^^' be defined as in ([33, where Z(^) 
is a union over totally ordered subsets {(iJ^^), . . . , of singular isotropy types of N elements. 

Denote the sequence of monoidal transformations o • • • o (^(^~^'> by and put Ai — 
Then C. : Ai ^ Ai yields a strong resolution of M . 

Proof. If all G-orbits on M have the same dimension, A^ is a manifold, and C, : Ai ^ M. \s the 
identity. Let us therefore assume that there are singular orbits, and begin by recalling the covering 

7V' = 7ViU---U7Vl, 

where Ml — IsoVFl is a manifold, and the Afc — J\f O Uk are in general singular for k < L. 
Let 1 < A^ < A — 1, and consider a totally ordered subset {(iJ^^), . . . , of isotropy types 

such that ii < ■■■ < in- In case that {Hi.) is exceptional, all types {Hi.,) with j < f are 
exceptional, or principal. Indeed, if Hi-jH^ is finite and non-trivial, Hi.jH^ is also finite. In 
particular, if ^ ) is exceptional, A/i^ is a manifold. In what follows, let us therefore restrict to 
the case where {{Hi^)^ . . . , {Hi^)} is a totally ordered subset of singular isotropy types which is 
maximal in the sense that there is no singular isotropy type {Hi^^.^) with in < *7V+i such that 
{(iJi J, . . . , (i?i„^J} is a totally ordered subset. Let (^f'^^ o ■ ■ ■ o (f^^''^'^''^ be a local realization 
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of the sequence of monoidal transformations C*-^'' o • • • o C^^) corresponding to the totaUy ordered 
subset {{Hi^), . . . , in a set of {9'^^^ \ . . . , 0(*"^)-charts labeled by the indices Qi^,. . . , Qi^. 

The preimage of Ni^ under C,^'^^ o • • • o C,^^^ i^'" is given by all points 

(r,,, . . . ,r,„,p(^i), . . . . . . , 

satisfying 

(3.(^1. ^ ^(ii. .. iiv)) 

where for j = 1, . . . , we set 
(37) 

^{i,...in) ^ gj^p^^^^jj^.^ gj^p^^^^^^^j^^^^^ expp(,^.^^)[. . . [t,„_, expp(,^_^)[ri„_, expp(.„) [r^^w^'")]]] . ..]]], 
Assume now that Ti-^ ■ ■ ■ Ti„ ^ 0. Since the point x^'i - *") lies in a slice around G-p^^^^\ the condition 



(ii...ijv 



e G^Cii. - ijv) implies that must stabilize p*^*!^ as well. Frome the inclusions 



9 

(38) Gp(>„) c Gp(ijv_i) c • • • c Gp(ii) 
and 0p(ij_|_i) C one deduces - g Gp(ii), and we obtain 

g(il...iN)p{il) _ g-!-ii---Ti„ — 

Thus we conclude a'^^' = 0, which implies (;(*2 - *n) g G^(ii. .ijy), and consequently (;(*2 - in) g 
G^(i2 . iw)- Repeating the above argument we see that 

in case that Ti^ - ■ ■ ^ 0. Actually we have shown that if ti^ - ■ ■ r^^ 7^ 

(39) G^(ii ijv) =G^(i„), 

since G^(>„) C Gp(ijv). The preimage of Mi under Cf^'^ o • • • o Ci^'^.'i^'" is therefore given by 

N 

{r,, • • • T,„ ^ 0, = 0, e G,(.„, } U y {r,^. = O} . 

By assumption, Gp(i„) acts on (S'ii...i„)p(i„) with orbits of the same dimension, so that 

(40) {A('^)=0, e G,5(,„,} 

is a smooth submanifold, being equal to the total space of the isotropy bundle given by the local 
trivialization 

(T,^.,p(^^),«(^"),G,(.„,)^(r,^,p('^),i5(^~)). 

Now, for 1 < TV < A - 1, let C'^^ be defined as in (|55|) , where Z'^^^ is a union over totally ordered 
subsets of singular isotropy types of N elements, and put C = o • • • o C}-^~^\ By construction, C 
is given locally by sequences of local transformations Cf^'^ o • • • o C,^^^^ i^'" corresponding to maximal, 
totally ordered subsets {(iJ^ J, . . . , )} of singular isotropy types of < A — 1 elements. Taking 
the union over all the corresponding sets (|40p yields a smooth submanifold I\f which has normals 
crossings with the exceptional divisor C~^(SingA/') C M. Furthermore, C maps the union of the 
sets {rij • • • Ti„ 7^ 0, = 0, /i''") e G^(i„) } bijectively onto the non-singular part Reg A/" of 

N. However, Reg A/" is not necessarily dense in A/", nor is ({N'), so that ( : ^ J\f might not be 
a birational map in general. Nevertheless, by sucessively blowing up the intersections of Af with 
(Sing A/") one finally obtains a strong resolution of Af. □ 
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The resolution of A/" constructed in Theorem [6] was deduced from a monomialization of the ideal 

sheaf Ij\f 

where (^^{Ia/) is a resolved ideal sheaf. In the following two sections, we shall derive from this a 
partial monomialization of the local ideal /$ = (<i>) such that the corresponding weak transforms 
of $ have clean critical sets. This will allow us to derive asymptotics for the integrals (fj,) 
in Section [8] via the stationary phase theorem. 



6. Phase analysis of the weak transforms. The first main theorem 

We continue with the notation of the previous sections and recall that the sequence of monoidal 
transformations C = ('■^^ o • • • o (^('^^i) is given locally by sequences of local transformations Cf^'^ o 
• • • o t^f^'^ i^'™ corresponding to totally ordered subsets {{Hi-^), . . . , (i?ijv)} of non-principal isotropy 
types that are maximal in the sense that, if there is an isotropy type (iJijv+i) with i^r < in+i such 
that {(iJiJ, . . . , (i?ijv+i)} is a totally ordered subset, then [Hi^^^) = [Hl)- Let now x e M be 
fixed, and Zx C TxM be a neighborhood of zero such that exp^ ; Zx — > M is a diffeomorphism 
onto its image. One has 

(exp^),^^, : T^Zx — > Toxp^ „M, v G Zx, 

and under the identification TxM ~ TqZx one computes (exp^),^o = id. Furthermore, for 5 G G 
we have g ■ exp^ v = Lg(exp^ v) = exp^ ^^^{Lg)^,^x{v). Consider next a maximal, totally ordered 
subset {(iJjj^), . . . , {Hi^y\ of isotropy types with ii < ■ ■ ■ < i^^ < L, and denote by 

A : 0p(ii) > fl[(i^ji,p(n))) ^^"^ ^(^c-'-Btn) )*,p('i)|t=o> 

the linear representation of Qpdi) in I'i^^piii), where p^'^^ G Mi^{Hi^). For an arbitrary element 
A^^J^ G 0,^ with 2 < j < N , and a;(*i- -*"' given as in (|37p . one computes 

a^^^^).<n...„, = |e-*^"^' = |exp,,„ [(e-^"^' K^^—']] 

= (exPp(n)),,.,^,(......«)[A(A(^^))r,,x(^-^~)], 

successively obtaining 

^^^^ = ^expp(.i) [r,,expp(.,,[...[T,^._,(e-*^*''' ).,p(n)a;^'^-""^] • • • ]] i^^q 

= (exPp(n)),,,,^,(.2.-«) hi (expp(.,,),_^^^^(.3. ...„)[... [r,^_,A(A('^))a;(^--*")]...]], 
where we made the CRnonicRl identificcLtion Tyi^jy^^^ — pi^i) 

for any v G (j^ijp(ii). We shaU 
next define certain geometric distributions E^^^'> and on Af by setting 

=Span{^;(.,...„, :yGfl^(.„}, 

(42) E^^ii....^, = (expp(.i)),,^^^(,,^..,„, ...(exp^(,,_i,)^^^^^_^^(.,.^..„,[A(0^(.^,)a:(*--'")], 

= (expp(n))*,r,,:t('2^-«) ■•■(expp(,„)),^^^^^(,„)[A(flp(,„))w^*")], 

where 2 < j < N. By construction, if ■ ■ ■ Ti,^ ^ 0, the G-orbit through of principal 

type G/H]^, which amounts to the fact that Gp(i„_i) acts on 5^1. only with isotropy type (Hi^), 
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where we understand that Gp(io) = G. Furthermore, (p4l) and (|4T|) imply that 

N 



jv)- 

J=2 



The main resuh of this section is the following 

Theorem 7 (First Main Theorem). Let {{Hi-^), . . . , (i?ijv)} he a maximal, totally ordered subset 
of non-principal isotropy types, and Cf^'^ o • • • o Ci^'^ corresponding local realization of the 

sequence of monoidal transformations C^^-* o • • • o (^(^) m a set of{9'-''\. . .,e^''''i) -charts labeled by 
the indices , . . . , Qi^ . Consider the corresponding factorization 

* ° (id? ® (cf;' ° • • • ° c^:j;;.t" )) = ('i-^")!-*"* = • • • r,„ 

o/ t/ie phase function (jlOp where 

TV 

0('-)(^(»«))_0(-)((;,(^«))^^^,^,#^«)),...),^^ + ^O(|^^^.^(».)|) 

+O(|T,„[0('")({)(^"))-0('")((/j(^")),^p(.„#^«))]|). 

Let further ('i---»iv)$u.fe ^/enofe f/ie pullback of (n...»,.)$"'fe,P'-e a/o„^ f/ie substitution t = (cr) 
given by the sequence of local quadratic transformations 

: (f^ii ' ■ • ■ CTijv ) '-^ crn(l,cri2, . . . ,cri„) = (ct-^ , . . . , cr ) f-^ fJ- JfJ-^ , 1, . . . , cr-^ ) = (ct cr-'^ ) 

^ 1, • • • = • • • '-^ • • • = • • • ,^.iv)- 

T/ien the critical set Crit( (*i---'")|>'"'') of (^^■■■iN)^wk giygn by all points 

(a., , . . . , , . . . , , . . . , , , e) 

satisfying the conditions 

(I) ==0/or i ^l,...,N, and (/i(*")),.p(n)w''"' 

(II) r,^(n.-«) e Ann(i?2^,j.,.,„,) /or aZ/ j = 1, . . . ,iV, 

(III) 77,(.,....„, eAnn(F2f;L„,), 

where rj denotes the 1-form '^^^iS.idxi. Furthermore, Crit( ^'^•••*"^<l>™'^) is a C°° -submanifold of 
codimension 2k, where k = dim G/iJ^ is the dimension of a principal orbit. 

Proof. In what follows, set 

(44) Zf;::-^^" = (C^ ° • • • ° ° ® id)) ® id^ 

so that 

and let CTij • • • i7i„ 7^ 0. In this case, Zf^^ i^'" constitutes a diffeomorphism, so that 
CTitO^^---^-^^'''%^^...,^^^o^{{a.,,...,a,^,p<^'^\...,p^'-\ 

(a;(*-*"),^,g('-^«))eC, a,, • • • ^ 0}, 



^Note that (n---ijv)|.«'fe,P'-e „as formerly denoted by (n ■■■»jv)|,"'fc , 
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where we employed the notation of ([37|) . Now, by (|2T|) . 

n 
i=l 

The reasoning which led to p9l) in particular implies that condition (I) is equivalent to (^(^i ■■■*«) g 
G^Cii . ijv) in case that all are different from zero. Now, 77^(4^ e f2 means that 

e Ann(T,(.,...„) (G • x^'-^"))). 
But if CT,^ 7^ for aU j = 1, . . . , iV, (II) and (III) imply that 

?7^(.i....„) ((expp(,i))^^^^^^(.2. ...«)[• • • (exPp(.,_i))^_^^^_^^(,„)[A(Z)a;('")] ...])= VZ e 0p(.„_i), 

since Q^iiK-i) = 0p(»N) © SpCiw)- repeatedly using this argument, we conclude that under the 
assumption (7^^ • • • cr^^ 7^ 

(45) (11), (III) ^ 77^(,i...„) e Ann(r^(.,....„,(G-x(''-^"))). 
Taking everything together therefore gives 

Crit((^-^")$*°*),,^...,,^^o 

(46) = { (a,;, , . . . , , p^^^ ),..., , (^~) , A*^^) , . . . , A^^-\ h^^-\ ^ : 

<^ii ■■■<^iN 7^ 0; (I)-(III) are fulfilled and /i^*"^ • 77^(,i...,„) = ??2,(.i....jv) }, 

and we assert that 

Crit( ^ Crit((^i-»")|>*°*)^.^...^,^^o- 

To show this, let us still assume that all ai- are different from zero. Then all Ti. are different from 
zero, too, and iii---tN)^uik — q [g equivalent to 

54$(a;(*i-'"\^,5('i-*"') = 0, 

which gives us the condition - g G^(ii. • By the reasoning which led to ([5^ we therefore 
obtain condition (I) in the case that all ai- are different from zero. Let now one of the ct^^ be equal 
to zero. Then all Ti^ are zero, too, and {ii---'iN)ipwk — g is equivalent to 

(47) A^i(l^ {p^q^'^) - for aU I < j < iV and q, (1 - /i('")),_p(.i, f)^*") = 0, 

since the {n x n)-matrix S is invertible, so that the kernel of the corresponing linear transformation 
is trivial. Denote by iVp(ii) (G-p''*^') the normal space in Tp(ii)M to the orbit G-p'^'^^K on which G^cii) 
acts, and define ]^p{ij+i){Gp(ij} •p'-'^+i-') successively as the normal space to the orbit G^{i-} -p^'j+i) 
in the G^ci^o-space N^(i^){Gp(ij_i) -p*-'^'), where we understand that Gp(io) = G. Since smooth 
actions of compact Lie groups are locally smooth, the aforementioned actions can be assumed to 
be orthogonal, see [S;, pages 171 and 308. Since ^^(ij) € Tp(ii){G ■ p^'-^^) is tangent to Mi. {Hi.), 

and A^^,\l e ■ p^'^'>) is tangent to l^'^-'\iS+.,.,^_^)p,,^_,,),^{H,^), we finally obtain 

(48) (^l...^N)^wk ^ Q ^ (J) 

for arbitrary cTj^- . In particular, one concludes that («i - «iv)(|t«fc ^ugt vanish on its critical set. Since 
di (*i--«)|.*°*) = d{n, . . . n„) • +T,,... r,„d(('i-*")|>"''=), 
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one sees that 

In turn, the vanishing of $ on its critical set imphes 

(49) Crit((^i-^")|.'"*'-),.^...,.^^o = Crit((^-'")|.*°'),,^...,.^^o. 

Therefore, by continuity, 



(50) Crit((»i-^«)$tot)^^^ ^ Crit((*i-'")|'"''=). 

In order to see the converse inclusion we shall henceforth assume that (ii-iiv)|,«'fe = 0, and 
consider next the a-derivatives, where we shall again take ct^^ • • • cr^^ ^ 0. Taking into account 
(123) and dm), one sees that 

g J (n...4N)^tufe ^ Q 

^ 9 <.,)$(a;(*-'~),e,g(^-*"))- ^ E?,(^^-^).(n-..„)(£,)=0. 

Til' ' ' Tin '" ''"ii ' ' ' '''ij-i 

By (pij) we therefore obtain for arbitrary a and 1 < J < ^ 

n 

g^j^^^ ^ 5]e,(di,).<n-..„, eAnn(4;^,|...,„,). 

9=1 

Consequently, 

(51) 5^ ^ gj^^ 
In a similar way, one sees that 

(52) =0 ^ (III), 

by which the necessity of the conditions (I)-(III) is established. In order to see their sufficiency, 
let them be fulfilled, and assume again that (7^ 7^ for all — 1, . . . ,N. Then (|^5|) implies that 
7y,(H.^..„) e Ann(T^(.i...,„)(G-x(^i-'"))). Now,' if ct,, • • • (t,„ 7^ 0, G • a;(*i-*") is of principal type 
G/Hl in M, so that the isotropy group of a;(*i - *") must act trivially on A^^c.i . ijv) (G • x'^'^-- *")), 
compare 8 , page 181. If therefore X = Xt + Xn denotes an arbitrary element in T^(ii ..i„)M = 
T^(n.-«) (G • x(*i-*"))) ® N^^^^-..^N) (G • x^^i-*"))), and g £ G^(.i. one computes 

g ■ ??^(.i...>„)(X) = [(Lg-l)*^(ij...,„)77^(ii...i„)](X) = f72,(.i..-.jv)((ig-i)»,j:('i --N)(-^Af)) 
= Vx^'i - 'n) {^n) = ?7j.(«i-.-«„) (■^)- 

With ([39]) we then conclude that • rj^a^.^.i^) = ?7^(.i-.-.„) , since ih^^"^)^^p(ii)V^'"^ = w^'"^ by 

Set next 



(53) =7Vp,.^,(Gp(.,_„ -p^*^)). 

We then have the following 

Lemma 2. The orbit of the point in the G (iN) -space of principal type. 

Proof of the lemma. By assumption, for ct^. 7^ 0, 1 < j < TV, the G-orbit of - is of principal 

type G/Hl in M. The theory of compact group actions then implies that this is equivalent to the 

fact that o;^'^ - '"^ € V^(*i) is of principal type in the Gp(ii)-space V'^'^^\ see [8], page 181, which in 

turn is equivalent to the fact that x^*^ ' *"-* G ^('1*2) jg principal type in the Gp(i2)-space 

and so forth. Thus, x^*^ --'™^ S - must be of principal type in the G^ci^^i) -space 

for all j = 1, . . . A^, and the assertion follows. □ 
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Let us now assume that one of the Ui- vanishes. Then 

f r7„(.i) e Ann(i;^^^,\) V 7 = 1, . . . , A^, 

(54) (II), (III) ^ . Xk 

\ 77p(.i) e Ann(i^^(.^,0, 

wherei?^;j^\ =Tp(.„(G-p(*i)),and 

(55) (Gp(^,-i) -P^*^-^) C y('---i), 2 < J < A, 



while — T^(iN)iGp(iN'> ' 'C''"-') C - Consequently, we obtain the direct sum of vector 



spaces 



Now, as a consequence of the previous lemma, the stabilizer of must act trivially on N-(i^-) (G^c 
^(jjv)-) therefore X = Xt + Xjv denotes an arbitrary element in 

N 

i;,(.„M~0r,.^.,(G^(.,_x) •p(^^-^)®T,(.„,(Gp(.„, •{}(^«))©7V,(,„,(Gp(,^, •z)('")) 

-0^Sn,®^:"l®^c«)(Gp<.«)-^5(^"'), 
([25]), dSl]), and G^-i(.„) C Gp(i„) imply that for g e G-(,„) 

5-?7p(,i)(X) = [(Lg-i)*p(,i)?7p(.i)](X) = Vi'((^S-0*,p(n)(XAr)) 
= ?7p(,i)(XAr) = ?7p(,i)(X). 

Collecting everything together we have shown for arbitrary a — (ai-^ , • ■ • , crjjv ) that 

(56) ^^"••^"^^'"'-0 ^ (I), (11), (III) ^ gG,^,.^ ^^,. 

By pS)) and ([SHI) we therefore conclude 



(57) Crit((»i-^«)$tot)^^^ = Crit((*^-''")$"''=). 

We have thus computed the critical set of («i - «iv)$«'fc^ ^nd it remains to show that it is a C°°- 
submanifold of codimension 2k. By the previous considerations, 

Crit((*i-*")$"''=) 

^^^^ ={a(^^)-0, /i(-)eG,<.„,, eAnn(0£^;;^|...,„,®fj-^,„,)}. 

Now, since for oi^ - ■ ■ Oi^ ^ the G-orbit of a;^'^ - '"^ is of principal type G/Hl in M, p3)) implies 
in this case that 

N 

n = dim (G • x^^-*")) = dim [i^^^....^, ® x,, . . . ® t,, . . . 

AT 

= y dim E^il , „ , + dim F^j" ^ ^ , . 



SINGULAR EQUIVARIANT ASYMPTOTICS AND WEYL'S LAW 37 

• p'^'j^ in particular shows that the dimensions of the spaces 

.ijv) depend on the variables ai.. A similar argument applies to F^\"\ -^^, so that we 

obtain the equality 

N 

(59) K = Vdim£;^V,^ . ,+dimi^^;f^, , 

i=l 

for arbitrary x'-*! ' *™^. Note that, in contrast, the dimension of r^(ii...i„) (G • a;^'^ ' *™-') collapses, 
as soon as one of the Ti . becomes zero. Since the annihilator of a subspace of T^M is a linear 
subspace of T*M, we arrive at a vector bundle with (n — K)-dimensional fiber that is locally given 
by the trivialization 

N 

(a.^,p(»^),#-),Ann(0£;5|....„,®fj-^.„,)).^K,p(»^),^(-)). 

Consequently, by ([55]) and ([55]) we see that Crit( («i - »«)c|"'fej jg equal to the total space of the fiber 
product of the mentioned vector bundle with the isotropy bundle given by the local trivialization 

Lastly, equation pop implies dim0-(i„) = d — k, which concludes the proof of Theorem [T] □ 

7. Phase analysis of the weak transforms. The second main theorem 

In this section, we shall prove that the Hessians of the weak transfoms (M---^N)^wk ^^^.^ transver- 
sally non-degenerate at each point of their critical sets. We begin with the following general obser- 
vation. Let M be a n-dimensional C°°-manifold, and G the critical set of a function ■0 e C°°{M), 
which is assumed to be a smooth submanifold in a chart O C M. Let further 

a : {x,y) t-^ m, P : {qi, . . . ,qn) t-^ m, meO, 

be two systems of local coordinates on O, such that a{x, y) g G if and only if y = 0. One computes 

^ di/ip o 13'] 
i=i 

as well as 

dy^ dy, {ip o a){x, y)=Y^ — (13^^ o a{x, y)) dy, dy, {P'^ o a)i{x, y) 



XI a I — ° ot{x,y)) dy^ip-'^ o a)j{x,y) dy,{(3-'^ o a)^{x,y). 
oq^oqj 



Since 



a*,{x,y)idyj ^^dy^iP ^ o a)j{x,y) l3^^(p^ioa)(x,y){dq,), 

this implies 

(60) dy^ dy,{ipoa){x,0) = iiessip\a(x,o){a*,ixfi){dy^),a^,{xfi){dy,)), 

by definition of the Hessian [34j, Section 2. Let us now write x — {x',x"), and consider the 
restriction of -0 onto the C°°-submanifold Mc' = {m £ O : m = a{c' ,x" , y)} . We write ipc' = V'Im , , 
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and denote the critical set of Tpc' by Cc', which contains C n Mc' as a subset. Introducing on Mc' 
the local coordinates a' : (x" ,y) i— > a{c' ,x" ,y), we obtain 

dy, dy,{iJc' oa')ix",0) = HessV'c'|a(x",o)(a'*,(x",o)(^aJ'"'*,(x",o)(5m))- 
Let us now assume Cc' = C O Ale' , a transversal intersection. Then Cc' is a submanifold of Mc' , 
and the complement of Tc'(x"fl)Cc' in T^'i^^" ,o)^c' at a point a'{x",0) is spanned by the vector 
fields Q;'^^(^„ o)(9j^J. Since clearly 

dy, dy, {ipc' o a'){x", 0) = dy^ dy, {ip o a){x, 0), x = (c, x"), 
we thus have proven the following 

Lemma 3. Assume that Cc' — CnMc' ■ Then Hess ip is transversally non- degenerate at a{c' , a;", 0) G 
C if, and only ifHessipc' is transversally non-degenerate at a' {x" ,0) € Cc' ■ That is, HessV' defines 
a non-degenerate quadratic form on 

Ta{c' .x" ,Qi)M /Tci(c' ,x" fi)C 

if, and only ifHessipc' defines a non-degenerate quadratic form on 

Ta'(x" ,0)^'lc' /Ta'(x" ,0)Cc' ■ 

□ 

Let us now state the main result of this section, the notation being the same as in the previous 
sections. 

Theorem 8 (Second Main Theorem). Let {(iJ^j), . . . , (iJ^^)} be a maximal, totally ordered subset 
of non- principal isotropy types of the C-action on M, and Z^^'^"^'^^" be defined as in (|44| . Consider 
the corresponding factorization 

of the phase function ()10p . Then, at each point of the critical manifold Crit( - the 
Hessian Hess ' is transversally non-degenerate. 

For the proof of Theorem [8] we need the following 

Lemma 4. Let {x,(,,g) S Crit($), and x £ M{Hl)- Then {x,(,,g) e RegCrit($), and Hess$ is 
transversally non- degenerate at (x,^,g). 

Proof. The first assertion is clear from (fTSj) - (fT7|) . To see the second, consider the 1-form ry = 
J2£,idxi, and note that by (fT6| 

T]x ennT*Y, X e M{Hl), g € C^ =^ 9-Vx=Vx- 

Since by (jl3p the condition dx ^{x, ^, g) = is equivalent to g ■ rj^ — rjx, and 

d^^{x,^,g)=0 gx^x, <9g$(x,^,.g) = %t e 

we obtain on T*{Y n M (Hl)) x C the impfication 

%g$(x,^,g)=0 =^ dxHx,C,g)^0. 

Let ^x{^,g) denote the phase function ([TU| regarded as a function of the coordinates alone, 
while X is regarded as a parameter. Lemma[3]then implies that on T*{Y D M{Hl)) x C the study 
of the transversal Hessian of $ can be reduced to the study of the transversal Hessian of ■ Now, 
with respect to the coordinates ^, g, the Hessian of ^x is given by 

^ {dS;,)x{{Xj)x) \ 

{di,)xm)x) {dx,dx,^xmg) J ' 
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where {^i, . . . , Xd} denotes a basis of g. A computation then shows that the kernel of the corre- 
sponding hnear transformation is equal to |(^, s) : J2 iiid,Xi)x S Ami{Tx{G ■ x)),J2 Sj{Xj)x = o| ~ 
T^^g(Crit ^x)- The lemma now follows by the following general observation. Let ;B be a symmetric 
bilinear form on an ri-dimensional EC- vector space V, and B — {Bij)i.j the corresponding Gramsian 
matrix with respect to a basis {vi, . . . , w„} of V such that 

B{u,w) = ^^UiWjBij, u = ^^UiVi, w = WiVj. 

We denote the linear operator given by B with the same letter, and write 

V = VeiB®W. 

Consider the restriction B\w of 6 to W y. W, and assume that S^yx w) =0 for all u e W, 
but w 7^ 0. Since the Euclidean scalar product in V is non-degenerate, we necessarily must have 
Bw = 0, and consequently w G keri? O W ~ {0}, which is a contradiction. Therefore B^^r^lY 
defines a non-degenerate symmetric bilinear form. □ 

Proof of Theorem\^ For cTi^ ■ • ■ (Ji^ ^ 0, the sequence of monoidal transformations Zf^^'^'^'" de- 
fined in (|44)) is a diffeomorphism, so that by the previous lemma 



Hess(*i-''")$*°*(a,^.,p(^^\5(*"),a(''^\/i('"\e) 
is transversally non-degenerate at each point of Crit( '^*i ' *"-'$*°*)cri^ ...crj^^^o- Next, one computes 

(^2 (ii ...ijv)^tot \ / q'2 (ii...iiv)^t«fe \ 







V ' / 

where jk stands for any of the coordinates, and R represents a matrix whose entries contain first 
order derivatives of («i •••««) ^wfc factors. But since by ([^^ 



Crit(('i-*")$*°*)^,^...^,^^o = Crit(('i-'")$"''=)|^,^. 



we conclude that the transversal Hessian of - Joes not degenerate along the manifold 

Crit(('i---*")$"''^)|cri^ ...<Ti^5^o- Therefore, it remains to study the transversal Hessian of («i ■■ ujfc 
in the case that any of the (Ji^ vanishes, that is, along the exceptional divisor. Now, the proof of 
the first main theorem, in particular (1561) . showed that 

'^?,Q('l',...,a<'«),/t(»Jv) ^ " ^ "^crij^,...,crijy,p<'l),...,p<'N),5<'N) ^ 

If therefore 

denotes the weak transform of the phase function $ regarded as a function of the variables 
(a(*i\ . . . ,a('"\ alone, while the variables (o-ij , . . . , cri„ . . . w^*")) are kept 

fixed at constant values, 



CJ.^{^l■■■^N)^wk ^^^^ ^^^^j = Crit((*i-^")|>"''=) n 



r.C^iv) ^ constant 



40 



PABLO RAMACHER 



Thus, the critical set of (n-.-uv ^^^^^ jg equal to the fiber over (ct^^ w^*")) of the vector 



bundle 



AT 



and in particular a smooth submanifold. Lemma [3] then implies that the study of the transversal 



Hessian of can be reduced to the study of the transversal Hessian of (*i-«N)(|tufe 

The crucial fact is now contained in the following 
Proposition 3. Assume that <Ji^ ■ ■ ■ iTi„ ~ 0. Then 
ker Hess (0, . . . , 0, /i(-), ^ 

for all (0,...,0,/i(*"',O e Crit((*i---*")|>™'= ^j,^, {;(.„))■ ""'^ arbitrary p^'^\ i^'^l 



Proof. Since cTij • ■ ■ Uijy = 0, we have 
The only non- vanishing second order derivatives at a critical point (0, . . . , 0, ^) therefore read 

s- ^(o,...,o,dpl'^'((Ii'^)b.,,),...,o,...,o)l , 

J r 

• ^(0, . . . , 0, 0^*"' (a(b(^«))a(b(*~)) , . . . ) , e), 



wk 



where we used canonical coordinates of the first kind on G^ci^) of the form e^^'"" • ft,'^'"^. 

Consequently, the Hessian of the function ('i - ^iv)^™^ ^ ^ with respect to the coordinates 

^, a*-*^-*, /3^*"^ is given on its critical set by the matrix 



Id 



(61) 



S 
Id 



8 



where the {n x (i)-matrix £ is defined by 













V 

and the {d x (i)-niatrix by 
/ 
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Since 5 is invertible, the kernel of the linear transformation corresponding to ()6ip is isomorphic to 
the kernel of the linear transformation defined by 

£ 

which we shall now compute. Cleary, the column vector -^(^, . . . ,5(*"),/3(*«)) lies in the 
kernel if and only if 

(a) 5i'^^(I^ \<.,, = for aU 1 < J < A^, E™ /3^"^ (H"^ = 0; 

(^2) E:=r''^''''"'4_cC.-i)+.+i^P^^^'HT^P<-.)(Gp<..-.) •/'^^)) = for all 2 < J < TV ; 
(c) 4-cC«)+.rf^^^"HT*(-«)(Gp<.„, • = 0. 

In this case, the vector '^(|', . . . , a^'"), /3(*«)) lies in the kernel of ([61]), where |' = | • 
Let now 

F(«iv)^ and bg defined as in (1321) and ([55)1 , and remember that we have the 

isomorphisms ([55]). For condition (a) to hold, it is necessary and sufficient that 

5('.)=0, l<j<7V, ^/3C^«)(b(:"))„.„, =0. 
On the other hand, condition (h\) means that on rj,(.i)(G -p^^i)) we have 

r— 1 r— 1 2—1 

where (ii,...x„) = (p^*^"*, ... (j^, , 0^^*^ ) are the coordinates introduced in Section 

m Indeed, 

(iJij ) being G-invariant. Therefore E"=i 'f'('^ii)p(n) ^ ^^™(-^p(ii\)- In the same way, condition 
(62) implies that on T (Gp(.,_i) -p^*^)) 

r— 1 r— 1 

n — c^-^j ^ 

s=l 
r=l 

where we put ^" = i' ■ S*^*!^ ■^{^i---^j-2) ^ Hereby we expressed the differential forms doi'"'^^'^ 

in terms of the differential forms dTi._^, dpr , and dOs , and took into account that the forms 
dn._^ and de'^s'^ vanish on T^^^J)iG^(i^_,) -p^'^)) C Now, if w e , 

and av{t) = exp^ci^.i) tv, 
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SO that the forms dp"r^^^^ must vanish on {vii...ij-i)p{ij-i) ■ In case that 3 < j < iV, the same 
argument shows that the forms dTi._^ also vanish on {vi-^^...ij^i) (ij-i)i and proceeding inductively 
this way, we see that conditions (61) and (62) are equivalent to 



eAnn(i?;;^;',) V j = l 



i=l 



Similarly, one deduces that condition (c) is equivalent to 

f]|'(di,Vn)eAnn(F(;^)). 

i=l 

On the other hand, by 

N 

m j=l 

and the proposition follows. □ 
The previous proposition now implies that for • • • (7i„ — 0, the Hessian of i''i---^N)^uik ^ ^ 

is transversally non-degenerate at each point (0, . . . , 0, /i^'™^ f ) of its critical set, and Theorem [5] 
follows with Lemma [3] □ 



8. ASYMPTOTICS FOR THE INTEGRALS /f^'^ i^'" (m) 

We are now in position to describe the asymptotic behavior of the integrals if^^ i^'" (m) defined 
in (p6|) using the stationary phase theorem. Let {(iJiJ, . . . , be a maximal, totally ordered 

subset of non-principal isotropy types, and Cf^'^ o • • • o (f^^ ' a corresponding local realization 
of the sequence of monoidal transformations C'"'^' o • • • o C'^) in a set of (6l(*i),...,6l(*"))-charts 
labeled by the indices ^3^^, . . . , Since the considered integrals are absolutely convergent, we 
can interchange the order of integration by Fubini, and write 

r ^ 

(62) If:-:-" M = / j!;::;:^" (a^ • • • • n i^, f''^^-^ dn^... dn, , 

-'(-l.l)" ^ ^ jj[ 

where we set 



(63) 



7<'"-i'((Sn--«-i)p(.„-i))»«(ff»«) 



7<'"'((Sn-...„)p(.„))xG^(,„,xD,(B^,^^,)x...xD,(B^,,^))> 



d£_dA^'^K.. dA^"''> dh^^'Uv^"'^ dp^^'K.. dp^''^'> dp^''\ 
according to the notation introduced in Theorem [71 and introduced the new parameter 
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Now, for a sufficiently small £ > to be chosen later we define 

N 



Lemma 5. One has c'*^' + X]r=i ^^^"^^ — 1 > k for arbitrary j = 1, . . . , N , where k denotes the 
dimension ofG/H^. 

Proof. We first note that c^'^ ' — dim{iyi^,,,i-)^(i-) > dimG^(i,-) + Indeed, {i'ii...ij)p(ij) is 

an orthogonal G(ij) -space, so that the dimension of the G' (ij ) -orbit of 

can be at most c^*^) _ i. Now, under the assumption at-^ ■ ■ ■ ^ 0, and (pij) imply 

N 

~ ® Til ■ ■ ■ Tii_iEj^_^ ^^^ © Tjj . . . Ti„i^_^(" i^), 

where the distributions E'^^'\ F*^*"^ where defined in p2)) . On then computes 

AT 

dimG (,,) -xf^'+i-*") y dim£;^''^, , , + dim F^",^,\ 

which implies 

N 

c(h) > dimE'-l^ , ,-KdimF^;f^ ,+1. 

But since — G^(ii_^) ■ p^''^ for any tr, the last inequality holds for arbitrary a, too. On 

the other hand, one has 



= dim0^(,^, = dim[A(0^,.^,) -P^*^'] - dim[A(0^<,^.,) • x^*-"^")] = dhnE^£,_ 



The assertion now follows with (l59l) . □ 



As a consequence of the lemma, we obtain for 2jen - e>jv ^^-j ^-j^g estimate 



Jl ...JJV 

TV 



(64) 



for some G > 0. Let us now turn to the integral (m)- After performing the change of 

ii...ijv 



variables (5^1. one obtains for ^li^^ 'i^'^i^-) the expression 



y (m • (^) • • • (<7)) n {a)f^'+^r.^ ^<-'-i |det {a)\da, 



J<|r,.(cr)|<l -J-l 
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where jf/''i„^"" {v) is defined by the right hand side of ([63]), with (n-tN) ^wk,pre ^^^^^ replaced by 
(ji - «]v)|>™fe^ which denotes the weak; transform (*i - *N)$"'fc g^g ^ function of the variables p(*j', -D^'^^ 
Q,(«j)^ /j(«]v)^ ^ alone, while the variables cr = ((7^^, . . .cri„) are regarded as parameters. 

Theorem 9. Let a = (fJij , . . . , Uj^ ) he a fixed set of parameters. Then, for every N £ H there 
exists a constant Cfj (ii.-.ijv)!)™* > such that 

with estimates for the coefficients Qj , and an explicit expression for Qq . Moreover, the constants 
C'at (n ■»jv)|)™fc ^'^^ coefficients Qj have uniform bounds in a. 

Proof. In what follows, we regard A^^^'' as a Riemannian manifold with the product metric induced 
by the Riemannian metrics on 7('^-iH('S'ii...i,_i (-^i, ), 7^'"H('5'ii...»«)p('«)), 0p(.,), Gpi'N), 

and (—1, 1)^, and corresponding volume density. Similarly, X carries a Riemannian structure, 
being a paracompact manifold. As a consequence of the main theorems, and Lemma [31 together 
with the observations preceding Proposition [31 the phase function (H - ijv)|)M'fc j^^s a clean critical 
set for any value of the parameters cr. That is, in the relevant charts we have 

• the critical set of («i ■■ w^fc jg ^ C°°-submanifold of codimension 2k for arbitrary cr; 

• the Hessian of - jg transversally non-degenerate at each point of its critical set. 
Thus, the necessary conditions for applying the principle of the stationary phase to the integral 
"^ii^ IN ™ ('^) fulfilled, and we obtain the desired asymptotic expansion by Theorem O Note 
that the amplitude 0^^*^ j^'™ might depend on /i, compare the expression for 0(/i"^^) in Theorem 
[TJ the dependence being of the form a^(i, K.y{x), ^rj), where € ^phg ^ classical symbol of order 
0. But since for large j??] 

\d^a,{t,K^ix),fiv)\ = \tind:,a,){t,K,{x),m)\<C\v\-^"^, 

this dependence does not interfer with the asymptotics. To see the existence of the uniform bounds, 
note that by Remark [1] we have 

-1 



(Hess(^--*~)|.»%crit((n....«)4™.) 



Cff {ii-..ir^)^^k < sup 

But since by Lemma [3] the transversal Hessian 

-tlLSS 1^ Crit((n-.-jv)*™*) 

is given by 

iieSS Crit((n-.-«)$™*)j 



we finally obtain the estimate 

C'jv,(n--»N)i™'» — sup 



I Hess (*i---*")cE>'"'^ ,■ ■^- , 

^ness 4^ 



- '-^N,ii...i„ 



by a constant independent of cr. Similarly, one can show the existence of bounds of the form 

\r) .(iii---iN)^wk. - "ll < r*- ■ 

\^J\ ^(7 J "■ll...iJV ^ll ...JJV y I _ ...4JV I 



■^Hereby we are taking into account that due to the presence of the factor k^{x), rj)), \ti\ is bounded 

away from zero. 
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with constants Cj^i-^...if^ independent of cr. □ 

Remark 2. Before going on, let us remark that for the computation of the integrals ^if^^ 'i^^'^ (m) 
it is only necessary to have an asymptotic expansion for the integrals jf ^^^-^ ^^le case that 
• • • fTijv 0, which can also be obtained without the main theorems using only the factorization 
of the phase function $ given by the resolution process, together with Lemma E) Nevertheless, the 
main consequence to be drawn from the main theorems is that the constants Cj^ (ii...ijv)|,mfc and 
the coefficients Qj in Theorem [5] have uniform bounds in a. 

As a consequence of Theorem [51 we obtain for arbitrary TV G N 



^ N-l 

— ti...tjv ^ ' ^ II ' 

1=0 

N-l N-l 

1=1 1=1 
with constants Ci > independent of both a and ly. From this we deduce 

r ^ 

< c,^,~^ / n \nA<^)f''^^-''"^'~'~'' \det DS,,...,A^)\dcT 

Je<\ri^{a)\<l j^-^ 



N-l ^ N 



1=1 •'^<\r^,('y)\<l j^i 



Af-l N 



where the exponents qj, qij can take the values or 1. Having in mind that we are interested in 
the case where fj, — >■ +oo, we now set e — . Taking into account Lemma [Sj one infers that 

the right hand side of the last inequality can be estimated by a constant times 



so that we finally obtain an asymptotic expansion for Zf^'^ j^'" (/i) by taking into account (I64p . and 
the fact that 

r ^ 

i0<|r.^|<M-i/« 

Theorem 10. Let the assumptions of the first main theorem be fulfilled. Then 
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where the leading coefficient C^l^ '^^''^ is given by 



(65) £^-,;:- = / 



where dCrit(('^'"*"'$"'*'') denotes the induced Riemannian volume density. 



□ 



9. Statement of the main result 

We can now state the main result of this paper. But before, we shall say a few words about the 
desingularization process. Consider the resolution of JV constructed in Theorem [SI and denote the 
global morphism induced by the local transformations p4)) hy Z : X X = T*M x G. Consider 
further the local ideal = (<I>) generated by the phase function ([TU]) , together with the ideal sheaf 
Ic C £x of (1^ . The derivative of /$ is given by = Ic\T'YxGj while by the implicit function 

theorem SingK^ C Vb n Crit($) ~ Crit($), where V$ denotes the vanishing set V$ of The 
desingularization process carried out in Section [S] yields a partial monomialization of /$ according 
to the diagram 



-I 

Ic 



I- 

7$ 9 $ 



where x G X. By Theorem [71 D{Z^^{I^)) is a resolved ideal sheaf, and Theorem [5| shows that the 
weak transforms - have clean critical sets. This allowed us to derive asymptotics for the 

integrals -fj^^'.^..^^'" (m) in Theorem [TOl Nevertheless, it is easy to see that is not resolved. 

Furthermore, the inclusion (|20| implies that Z~^{Ic\t*yxg) C (/$)). But since we do not 

have equality, this results only in a partial resolution C of C In particular, the induced global 
transform Z : C — ^ C is in general not an isomorphism over the smooth locus of C. This is because 
of the fact that the centers of our monoidal transformations were only chosen over M x G, to keep 
the phase analysis of the weak transform of $ as simple as possible. In turn, the singularities of 
C along the fibers of T*M were not completely resolved. Note that in order to obtain a partial 
monomialization of /$, we had to construct a strong resolution of A/" in = M x G, and not just 
a resolution of the G-action in AI. As explained in Section [4l such a resolution always exists and 
is equivalent to a monomialization of the corresponding ideal sheaf. But in general, it would not 
be explicit enough to describe the asymptotic behavior of the integrals /(/x) introduced in ([9]). In 
particular, the so-called numerical data of ^ are not known a priori, which in our case are given 
in terms of the dimensions c^*J ■* and c?^*^ ^ . This is the reason why we were forced to construct an 
explicit resolution of Af, using as centers isotropy bundles over unions of maximally singular orbits. 

Let us now return to our departing point, that is, the asymptotic behavior of the integrals /(^), 
and the proof of Weyl's law for the reduced spectral counting function N^{X)- If G acts on the 
chart Y only with principal type G/Hl, we can directly apply the stationary phase theorem to 
obtain an expansion for /(/z). Let us therefore assume that this is not the case. We still have to 
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examine contributions to /(/u) coming from integrals of the form 



J■Q^l■■■Q^N , 



I [f 



7<'«)((,..,....„)^(.„,)xG^(.„,xS,(0^,,^,)x...xD,(0^,^^,)> 



7<'"-i>((Sn-.-.«-i)^(.„_i)).«(ff.«)x(-l.l) 
it. .An '-^n...ijv 



d^d^^^i) . . . dA^'"^ dh'-^"^ dri„ . . . 1 dr^, dp(*^)j dr,, dp'-^^\ 

where ),..., )} is an arbitrary totally ordered subset of non-principal isotropy types, 

is the sphere of radius i > in while a^j"^ 7™'" amplitude which is supposed 

to have compact support in a system of {9^^^\ . . . , 6*^'""^-', a^'"^)-charts labeled by the indices 
{g^,,...,g^N), and 

N 



>^il...ijv 



>^ii...ijv 



being a smooth function which does not depend on the variables t^^. . Now, a computation 



of the ^-derivatives of (H . ijv)|,u'fe g^j^y of the a^'^^-charts shows that ('i - »N)|,u'fc j^g^g critical 
points there. Consequently, repeating the arguments of the previous section, and making use of 
the non-stationary phase theorem, see [28], Theorem 7.7.1, one computes for large N E N that 

N 



|i^^-;'"(M)|<cr/i- 



-N 



n 



^<i-.,i<ij=i 



-i-^dr + C8e^('^+i) < eg max /i-"-^ } , 



where we took e — fi '^/^ . Choosing N large enough, we therefore conclude that 

As a consequence of this wc sec that, up to terms of order 0{ii^'^^^), I{fJ,) can be written as a sum 

(66) /(M) = E E itZ-i^ + j: E C:^:ZLi^^^ 



N=l ii<---<i, 

Qil ■.■■■,Qi 



N—1 ii<-<i^_i<Z, 

eii.--->eijv-i 



where the first term is a sum over maximal, totally ordered subsets of non-principal isotropy types, 
while the second term is a sum over totally ordered subsets of non-principal isotropy types. The 
asymptotic behavior of the integrals if^^ i^'" (m) lias been determined in the previous section, and 
using Lemma|4]it is not difficult to see that the integrals I^^^ iM^^^iL^ (m) have analogous asymptotic 
descriptions. This leads us to the following 

Theorem 11. Let M be a connected, closed Riemannian manifold, and G a compact, connected 
Lie group G acting isometrically and effectively on M. Consider the oscillatory integral 

(67) I{p)= [ / e*^*("'«^^)a(gx,x,e,g)d.9d(r*r)(x,0, fi ^ 

Jt'Y Jg 

where (k, Y) are local coordinates on M , d(T*Y){x, (,) is the canonical volume density on T*Y , and 
dg the volume density on G with respect to some left invariant metric on G, while a e C^(y x 
T*Y X G) is an amplitude, and ^{x,^,g) — {k{x) — K,{gx) , ^) . Then I{p) has the asymptotic 
expansion 

lifi) = (27r//i)'^£o + 0{fl-''-\log^l)^-'), fi +CX). 
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Here k is the dimension of an orbit of principal type in M , A the maximal number of elements of 
a totally ordered subset of the set of isotropy types, and the leading coefficient is given by 

(68) ^0=/ iH ,^./^rr^'^^ ^d(RegC)(x,C,3), 

jRcgC |det «'"(x,C,g)Ar,^_j_^)RogcP/^ 

where RegC denotes the regular part of C — {(x,^, G f2 x C? : 17 • (x, ^) = (x,^)}, and d(RcgC) 
the induced volume density. In particular, the integral over Reg C exists. 

Remark 3. Since M is compact, T*M is a paracompact manifold, admitting a Riemannian 
metric. The restriction of the Riemannian metric on r*M x G to RegC then induces a volume 
density c?(RegC) on RegC. Note that equation (|68p in particular means that the obtained asymp- 
totic expansion for /(/i) is independent of the explicit partial resolution we used. The amplitude 
a{gx, X, ^, g) might depend on ^ as in the expression for 0(/i"~^) in Theorem[TJ But as explained 
in the proof of Theorem |9l this has no influence on the final asymptotics. 

Proof. Assume that G acts on Y with several orbit types. By Theorem [TU] and ([M)) one has 

= (2^/m)"Xo + OOi-'^-iaogM)^-'), M ^ +00, 
where £0 is given as a sum of integrals of the form (j65|) . and similar expressions for the leading 
terms of the integrals I^^^ Im'-iL (m)- It therefore remains to show the equality (|68)) . For this, let 
us introduce certain cut-off functions for the singular part Sing £7 of fi. Denote the Riemannian 
distance on T*M by | • |, and let K he a, compact subset in T*M, e > 0. We then define 

(Sing n n K)e = {?? e T*M : |?? - ry'| < £ for some 77' G Sing flCiK}. 

By using a partition of unity, one can show the existence of a test function e ((Sing finif )3£) 
satisfying = 1 on (Singfi n K);,, see [28], Theorem 1.4.1. We then have the following 

Lemma 6. Let a G C^(y x T*Y x G), K be a compact subset in T*M such that supp(2._j) a C K , 
and Us as above. Then the limit 

iRn\ r f ai9X,x,^,g){l - Us){x,^) 

(69) hm / I ■ , . . -j^d{RegC){x,^,g) 

exists and is equal to Cq. 
Proof of Lemma We define 

Isi^l)^ f f e^^''<'^'^'a^aigx,x,C,g)il-Us)ix,OdgdiT*Y)ix,0- 
jt*y jg 

Since {x,£^,g) G SingC implies (x,^) G Singfi, a direct application of the generalized stationary 
phase theorem for fixed e > gives 

(70) |/,(m) - {2^/^irc^{e)\ < Gs^i-''-\ 

where > is a constant depending only on e, and 

r (.\ f ai9x,x,^,g){l-Us)ix,^) ^ . 

A £ = / I , ^ — -r-^ n7^a(RegC) a;,^,g . 

On the other hand, applying our previous considerations to /^(/i) instead of /(/i), we obtain again 
an asymptotic expansion of the form ((70)) for leiiJ,), with {log ^)^~^ instead of where 

now the first coefficient is given by a sum of integrals of the form (1651) with a replaced by a(l — u^). 
Since the first term in the asymptotic expansion ()70p is uniquely determined, the two expressions 
for Co{e) must be identical. The statement of the lemma now follows by the Lebesgue theorem on 
bounded convergence. □ 



SINGULAR EQUIVARIANT ASYMPTOTICS AND WEYL'S LAW 



49 



Remark 4. Note that the existence of the limit in (j69| has been established by partially resolving 
the singularities of the set C, the corresponding limit being given by £o- 

End of proof of Theorem[T7\ Let now a+ G G'^{Y x T*Y x G,M+). Since one can assume that 
I Me I < 1, the lemma of Fatou implies that 

Rcgc^^o |det «'"(a;,f,g)|Ar,^_^_^,Regcr^ 
is mayorized by the limit (|69p , with a replaced by a+ . Lemma [6] then implies that 

jRcgC |det *"(a;,^,g)|jV(, 5 ,jRegcr^ 

Choosing now a"*" to be equal 1 on a neighborhood of the support of a, and applying the theorem 
of Lebesgue on bounded convergence to the limit (|69p . we obtain equation □ 

We shall now state the main result of this paper. 

Theorem 12. Let M be a compact, connected, n-dimensional Riemannian manifold without bound- 
ary, and G a compact, connected Lie group, acting effectively and isometrically on M. Let further 

Po : C°°(M) — > h^{M) 

be an invariant, elliptic, classical pseudodifferential operator of order m on M with principal sym- 
bol p{x,^), and assume that Pq is positive and symmetric. Denote by P its unique self-adjoint 
extension, and set 

t<A 

where mult^ {t) stands for the multiplicity of the unitary irreducible representation tt^ corresponding 
to the character x ^ G in the eigenspace Et of P belonging to the eigenvalue t. Let k be the 
dimension of a G-orbit of principal type, A the maximal number of elements of a totally ordered 
subset of the set of isotropy types, and assume that n ~ k > 1. r/ien0 

^x(A) = (j'!^]^)|2^)»L ^Ql[(^ n S*M)/G] + 0(A^(log A)'^), A ^ +oo, 

where d^ is the dimension of the irreducible representation n^, [t^x\h • -'^1 multiplicity of 
the trivial representation in the restriction of tt^ to a principal isotropy group H , and S*M = 
{(x,^) € T* M : p(a;,^) = 1}, while fl = J~"'^(0) is the zero level of the momentum map J : T* M — 
Q* of the underlying Hamiltonian action. 

Proof. Let q E C'^{—S,S) and (5 > be sufficiently small. Theorems [T] and [Til together yield 
a^(^.e'(•)^)=d;,^?(0)/:(M/2^^-'=-^ + O(M"-'=-'(logM)^-l), 

where 

^= l™oE / IH ,d>^^/r^r^'''^ ^d(RegC)(x,e,5), 

^^o^jRcgC |det <i>'^{x,^,g)N^,,^,,)Rcgc\^'^ 



and Ury^eix, ^, g) — x(.9),f7(a^)^e, 1(9(2;, C))- In order to compute £, let us note that for any smooth, 
compactly supported function a on il r\T*Y~f one has the formula 



jRcgC det $^(a;,C,g lAT,, 5,)RogcJ^/^ ' jRoga vol 



^If n — K > 2, the error term is slightly better, namely 0(A m (log A)'^ 
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where H is a principal isotropy group, compare [12], Lemma 7. As a consequence of this, we obtain 
the expression 

C = : 1] hm E / A(.)AM(.(^,0)^^^^f§^ 

r r ri-K-l J 
= i^xiH : 1]E / /7(^)l™ / Ae,i(s)-— d{Regn nS*M){x,u:) 

^ jRcgOnS'M V01U(a,^tj) 

= [tt^i^j : l]vol[(RegrJn S'*M)/G']. 

Here we took into account that by Proposition[21 the set {(x, ^) G Reg J7 : x G Sing M} has measure 
zero with respect to the induced volume form on Regil, compare [12j, Lemma 3. Next, let 

N^{^l) = d^^muh^(t) = J2 "^?(^^)' "^?(^^) = c«xmult«(A*,)/dimii;^^, 

denote the equivariant spectral counting function of Q pi/m^ asymptotic description for 
N^{^) can then be deduced from the one of iT^(f?e*^'^^) by a classical Tauberian argument [9]. 
Thus, let g € C^{-S, 6) be such that 1 = / g{s) ds = 2TTg{0). Then 

/•+00 r+co 

N^ip) = / N^ip - .s)gis)ds + / [NQ{p) - N^ifi - s)]gis)d.s =: H^{p) + R^{p). 



X 

— oo 



H^{fi) = N^{s)g{iJ, — s)ds is a C°°-function, and by expressing its derivative by a Stieltjes 
integral one obtains 

ITT r+oo r+oc 

/+00 oo 
g{p - s) dNQ{s) = ^x^H)Q{i^ - h) = ^xi-Q^'^'^n. 
i=i 

where we took into account that, since £ S'{M.), N^{ii) is polynomially bounded, and g{s) = 
g{—s). Now, in addition, let g be such that ^ > 0, and g{s) > ciq > for \s\ < 1. Then, for /i e M, 

oo 

N^{f, + l)-NQ{f,)< rn^{^,,)<—J2^Q{^,,)g{^,-^,,). 

From (7x(^e'( )^) ^ 0{n"-'^-^) one then infers that R^{fi) = 0(^"-'^-i) as 1 < ^ +oo. On the 
other hand, since a^{ge^^'"^f^) is rapidly decaying as ^ ^ — oo, integration gives 



7i n-K [0((log^)^), 

as 1 < /I — !■ +00, while R^{fi), H^{fi) — > as /i — !■ — oo. The proof of the theorem is now complete, 
since by the spectral theorem, N^{\) = A^5?(A^/™). □ 
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10. On the spectrum of r \ G 

As an application, we shall consider the spectrum of a discrete, uniform subgroup F of a con- 
nected, semisimple Lie group G with finite center. Thus, let be a Cartan involution of G, and 
Q — I (B p the decomposition of the Lie algebra g of G into the eigenspaces of 0. Let K be the 
analytic subgroup corresponding to t, which is a maximal compact subgroup of G. Since F is 
a uniform lattice, M = F \ G is a closed manifold. By definition, 9 is an involutive automor- 
phism of Q such that the bilinear form {X,Y)g = — {X,9Y) is strictly positive definite, where 
{X,Y) = tr(adXoF) denotes the Killing form on g. The form (•, ■)g defines a left-invariant metric 
on G, and by requiring that the the projection G — Af is a Riemannian submersion, we obtain a 
Riemannian structure on M. Since Ad {K) commutes with 0, and leaves invariant the Killing form, 
K acts on G and on AI from the right in an isometric and effective way. Note that the isotropy 
group of a point F5 e M is conjugate to the finite group gKg^^ n F. Hence, all ii'-orbits in M 
are either principal or exceptional. Since the maximal compact subgroups of G are precisely the 
conjugates of K, exceptional A'-orbits arise from elements in F of finite order. If F is torsion-free, 
meaning that no non-trivial element 7 G F is conjugate in G to an element of K, there are no 
exceptional orbits. In this case the action of F on G/K is free, and T \G/K becomes a smooth 
manifold of dimension n — d, where n = dimM, and d — dim AT. As an immediate consequence of 
Theorem 1121 we now obtain 

Corollary 2. Let Pq : C°°(F\G) — > L^(F\G) be a K -invariant, elliptic, classical pseudodifferential 
operator of order m on T \ G, and assume that Pq is positive and symmetric. Denote by P its 
unique self-adjoint extension, and let N-^{X) be the reduced spectral counting function of P. Then, 
for each x ^ K, 

NxW = ^ \ ^^^/^l + 0(A^ (log A)'^-i) , A ^ +00, 

where H <Z K is a principal isotropy group of the K-action on T \ G, and A is bounded by the 
number of T-conjugacy classes of elements of finite order in F. 

□ 

Under the assumption that F has no torsion, this result was derived previously by Duistermaat- 
Kolk-Varadarajan pj] for the Laplace-Beltrami operator A on L2(F \ G/ AT) ~ L2(F \ G)^, 
i.e. in case that x corresponds to the trivial representation. They proved this by studying the 
spectrum on L^(F \ G/K) of the whole algebra 'D{G/ K) of G-invariant differential operators on 
G/K , which is defined as follows. Let G — KAN be an Iwasawa decomposition of G, a the 
Lie algebra of A, and W the Weyl group of (g, a). Since V(G/K) is commutative, there is an 
orthogonal decomposition of L^(F\G/Ar) into finite dimensional subspaces of smooth simultaneous 
eigenfunctions of ViG/K). Now, each homomorphism from ^{G/K) to C is precisely of the form 
Xf, ■■ V{G/K) C, where ^ € a*jW. The spectrum A(F) of V{G/K) on F \ G/K is then defined 
as the set of all /i S o.'^/W for which there exists a non-zero ip E C°°(F\ G/K) with D(p = Xfj.{D)(p 
for all D e ViG/K). The main result of [18] is a description of the asymptotic growth of the 
tempered spectrum K{T)temp = A(F) n ia* , together with an estimate for the complementary 
spectrum A(F) \ K{T)temp^ using the Selberg trace formula, and the Paley-Wiener theorems of 
Gangolli and Harish-Chandra. From this, Weyl's law for A on L^(F \ G/K) follows readily, since 
the eigenvalue of A corresponding to /i G Atemp(r) is essentially given by ||^||^. 

Let now Pq : C°°(F \ G) — ^ L^(r \ G) satisfy the conditions of Corollary [21 and in addition 
assume that it commutes with the right regular representation i? of G on L^(F \ G). Then each 
eigenspace of P becomes a unitary G-module. Since F \ G is compact, R decomposes into a direct 
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sum of irreducible representations of G according to 

L2(r\G)~ 0m„H„, 

where G denotes the unitary dual of G, and m,^ the multiplicity of lj in R. In the same way, each 
eigenspace of P decomposes into a direct sum of irreducible G-representations. Let multtj(t) be 
the multiplicity of a; £ G in the eigenspace Et of P belonging to the eigenvalue t, and [uj\k ■ x] the 
multiplicity of x G ^ in the if-representation obtained by restricting w to K. Then 

muh^it) = ^ mu\tu:{t) [uJiK ■ x]- 

Thus, the study of the reduced spectral counting function N^{X) amounts to a description of the 
asymptotic multiplicities of those irreducible G-representations lj d G containing a certain K-type 
X ^ K- As a consequence of Corollary [2] one now deduces 

Theorem 13. Let Pq : C°°(r\G) — > Ij'^{T\G) be a G-invariant, elliptic, classical pseudodifferential 
operator of order m onT \ G, and assume that Pq is positive and symmetric. Denote by mult,^ (t) 
the multiplicity of lj ^ G in the eigenspace Et belonging to the eigenvalue t of the self-adjoint 
extension P of Pq. Then, for each x & K, 

Y: mnliUt) [^\K : x] = ^"Ts;,!!-. m n S*{T \ G))/K] 
t<x,ujeG 

+ 0(A''^(logA)^-i), A^+c5o, 

where n — dimF \G, d — dim if, and A is bounded by the number of T-conjugacy classes of 
elements of finite order in T. 

□ 
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